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Preface

In the early years of the 19th century the French mathematician J. B. J. Fourier
in his researches on heat conduction was led to the remarkable discovery of certain
trigonometric series which now bear his name. Since that time Fourier series, and
generalizations to Fourier integrals and orthogonal series, have become an essential
~ part of the background of scientists, engineers and mathematicians from both an ap-
plied and theoretical point of view. ‘

The purpose of this book is to present the fundamental concepts and applications of
Fourier series, Fourier integrals and orthogonal functions (Bessel, Legendre, Hermite,
and Laguerre functions, as well as others).

The book is designed to be used either as a textbook for a formal course in Fourier
Analysis or as a comprehensive supplement to all current standard texts. It should be
of considerable value to those taking courses in engineering, science or mathematics in
which these important methods are frequently used. It should also prove useful as
a book of reference to research workers employing Fourier methods or to those inter-
ested in the field for self-study.

Each chapter begins with a clear statement of pertinent definitions, principles and
theorems, together with illustrative and other descriptive material. The solved prob-
lems serve to illustrate and amplify the theory and to provide the repetition of basic
principles so vital to effective learning. Numerous proofs of theorems and derivations
of formulas are included among the solved problems. The large number of supple-
mentary problems with answers serve as a complete review of the material of each
chapter.

Considerably more material has been included here than can be covered in most
first courses. This has been done to make the book more flexible, to provide a more
useful book of reference, and to stimulate further interest in the topics.

I wish to take this opportunity to thank Henry Hayden and David Beckwith for
their splendid cooperation.

M. R. SPIEGEL

January 1974
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Chapter 1

Boundary Value Problems

MATHEMATICAL FORMULATION AND SOLUTION OF PHYSICAL PROBLEMS
In solving problems of science and engineering the following steps are generally taken.

1. Mathematical formulation. To achieve such formulation we usually adopt mathematical
models which serve to approximate the real objects under investigation.

Example 1.

To investigate the motion of the earth or other planet about the sun we can choose points as mathe-
matical models of the sun and earth. On the other hand, if we wish to investigate the motion of the
earth about its axis, the mathematical model cannot be a point but might be a sphere or even more accu-
rately an ellipsoid.

In the mathematical formulation we use known physical laws to set up equations

describing the problem. If the laws are unknown we may even be led to set up experi-

ments in order to discover them.

Example 2.

In describing the motion of a planet about the sun we use Newton’s laws to arrive at a differential
equation involving the distance of the planet from the sun at any time.

2. Mathematical solution. Once a problem has been successfully formulated in terms of
equations, we need to solve them for the unknowns involved, subject to the various
conditions which are given or implied in the physical problem. One important con-
sideration is whether such solutions actually exist and, if they do exist, whether they
are unique.

In the attempf to find solutions, the need for new kinds of mathematicai analysis —
leading to new mathematical problems —may arise.

Example 3.

J.B.J. Fourier, in attempting to solve a problem in heat flow which he had formulated in terms of
partial differential equations, was led to the mathematical problem of expansion of functions into series
involving sines and cosines. Such series, now called Fourier series, are of interest from the point of view
of mathematical theory and in physical applications, as we shall see in Chapter 2.

3. Physical interpretation. After a solution has been obtained, it is useful to interpret it
physically. Such interpretations may be of value in suggesting other kinds of problems,
which could lead to new knowledge of a mathematical or physical nature.

In this book we shall be mainly concerned with the mathematical formulation of physi-
cal problems in terms of partial differential equations and with the solution of such equations
by methods commonly called Fourier methods.
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DEFINITIONS PERTAINING TO PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation is an equation containing an unknown function of two
or more variables and its partial derivatives with respect to these variables.

The order of a partial differential equation is the order of the highest derivative
present.

Example 4.
92u
ox oy ]

equation. Here u is the dependent variable while x and y are independent variables.

= 2x —y 1is a partial diﬁ?erential equation of order two, or a second-order partial differential

A solution of a partial differential equation is any function which satisfies the equation
identically. :

The general solution is a solution which contains a number of arbitrary independent
functions equal to the order of the equation.

A particular solution is one which can be obtained from the general solution by particu-
lar choice of the arbitrary functions. :

Example 5.

As seen by substitution, u = %2y — Jay?+ F(x)+ G(y) is a solution of the partial differential equation
of Example 4. Because it contains two arbitrary independent functions F(x) and G(y), it is the general
solution. If in particular F(x) = 2sinz, G(y) = 3yt —b5, we obtain the particular solution

u = wx?y — Llay? + 2sinx + 3yt — 5

A singular solution is one which cannot be obtained from the general solution by par-
ticular choice of the arbitrary functions.

Example 6.

\ 2
If u = x%%— % , where u is a function of x and y, we see by substitution that both

u=aF(y)—[F(y)]2 and u = #2/4 are solutions. The first is the general solution involving one arbitrary
function F'(y). The second, which cannot be obtained from the ‘general solution by any choice of F(y),
is a singular solution.

A boundary value problem involving a partial differential equation seeks all solutions
of the equation which satisfy conditions called boundary conditions. Theorems relating to -
the existence and uniqueness of such solutions are called existence and uniqueness theorems.

LINEAR PARTIAL DIFFERENTIAL EQUATIONS

The general linear partial differential equation of order two in two independent vari-
ables has the form

Pu Pu U ou ou _
where A,B,...,G may depend on 2 and y but not on u. A second-order equation with

independent variables x and y which does not have the “orm (1) is called nonlinear.

If G =0 identically the equation is called homogeneous, while if G » 0 it is called non-
homogeneous. Generalizations to higher-order equations are easily made.

Because of the nature of the solutions of (1), the equation is often classified as elliptic,

hyperbolic, or parabolic according as B2— 4AC is less than, greater than, or equal to zero,
respectively. '
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SOME IMPORTANT PARTIAL DIFFERENTIAL EQUATIONS

1.

22 0%
Y _ %Y

Vibrating string equation Frale

This equation is applicable to the small
transverse vibrations of a taut, flexible string,
such as a violin string, initially located on the Y
x-axis and set into motion (see Fig. 1-1). The
function y(x,?{) is the displacement of any
point x of the string at time . The constant y(x, t) x
@* = /p, where + is the (constant) tension in |
the string and p is the (constant) mass per
unit length of the string. It is assumed that
no external forces act on the string and that Fig.1-1
it vibrates only due to its elasticity.

The equation can easily be generalized to higher dimensions, as for example the
vibrations of a membrane or drumhead in two dimensions. ¥n two dimensions, the
equation is

%z o[ 02 a2z>
> = q —
ot2 ox? - 0y?,
. . u
Heat conduction equation 9 =K Avi )

Here w(x,v,2,t) is the temperature at position (@, 9,?) in a solid at time £. The con-
stant «, called the diffusivity, is equal to K/en, where the thermal conductivity K, the
specific heat o and the density (mass per unit volume) . are assumed constant. We call
V2u the Laplacian of w; it is given in three-dimensional rectangular coordinates

(x, y’ Z) by aqu 2 'aZu
S & ou | 9
Ve = g + o2 + 02>

Laplace’s equation Vv = 0

This equation occurs in many fields. In the theory of heat conduction, for example,
v is the steady-state temperature, i.e. the temperature after a long time has elapsed,
whose equation is obtained by putting 9u/9t = 0 in the heat conduction equation above.
In the theory of gravitation or electricity v represents the gravitational or electric
potential respectively. For this reason the equation is often called the potential equation.

The problem of solving V20 =0 inside a region ® when v is some given function
on the boundary of R is often called a Dirichlet problem.

. . . . *u , 0%
Longitudinal vibrations of a beam 2 = Com

This equation describes the motion of a beam (Fig. 1-2, page 4) which can vibrate
longitudinally (i.e. in the x-direction) the vibrations being assumed small. The variable
u(x, t) is the longitudinal displacement from the equilibrium position of the cross section
at . The constant ¢? = E/u, where E is the modulus of elasticity (stress divided
by strain) and depends on the properties of the beam, . is the density (mass per unit
volume).

Note that this equation is the same as that for a vibrating string.
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5. Transverse vibrations of a beam — 4+ b2 ==

This equation describes the motion of a beam (initially located on the z-axis, see
Fig. 1-3) which is vibrating transversely (i.e. perpendicular to the z-direction) assuming
small vibrations. In this case y(x,t) is the transverse displacement or deflection at any -
time ¢ of any point . The constant b%= EI/Ay, where E is the modulus of elasticity,

‘I is the moment of inertia of any cross section about the z-axis, 4 is the area of cross
section and p is the mass per unit length. In case an external transverse force F(z,?)
is applied, the right-hand side of the equation is replaced by b*F(x, t)/EL

B

Fig.1-2 . . Fig.1-3
THE LAPLACIAN IN DIFFERENT COORDINATE SYST‘E‘MS

" The Laplacian V2u often arises in partial differential equations of science and engi-
neering. Depending on the type of problem involved, the choice of coordinate system may
be important in obtaining solutions. For example, if the problem involves a cylinder, it
will often be convenient to use cylmdmcal com"dmates ‘while if it mvolves a sphere, it will:
. be convenient to use spherical coordmates
The Laplac1an in cyhndrlcal coordinates (p, ¢, %) (see Fig. 1-4) is given by

V= ap“’. ;gﬁ plzig% %22% - @
The transformation equations ‘betWeen i*ectaﬁgular and c’ylind’i‘iceﬂ coordinates dre .

x = pcds¢, oy = ‘p,Sibn\qS, z2 =2z ' - 8
where 920 0= ¢<2'n', —o <z < ®, | V |

The Laplacian i in spherical coordmabes (r 8, ) (see Fig. 1- 5) is glven by

Fig.1-4 ﬁ : Fig.1-5
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19 ou 1 o/ . ,ou 1 o*u
2 _— . 2~ - —_ —_—
Ve = ¢ ar<r ar> t sin 0.60<Sm060> + 72 8in? 6 92 - (4)

The transformation equations between rectangular and spherical coordinates are

x = rsinfcos¢, y = rsinfdsing, 2z = rcosd (5)

where =0, 0=60=7, 0= ¢ <2m.

METHODS OF SOLVING BOUNDARY VALUE PROBLEMS

There are many methods by which boundary value problems involving linear partial
differential equations can be solved. In this book we shall be concerned with two methods
which represent somewhat opposing points of view.

In the first method we seek to find the general solution of the partial differential equa-
tion and then particularize it to obtain the actual solution by using the boundary condi-
tions. In the second method we first find particular solutions of the partial differential
equation and then build up the actual solution by use of these particular solutions. Of the
two methods the second will be found to be of far greater applicability than the first.

1. General solutions. In this method we first find the general solution and then that par-
ticular solution which satisfies the boundary conditions. The following theorems are of
fundamental importance.

Theorem 1-1 (Superposition principle): If wi, %, ..., u. are solutions of a linear ho-
mogeneous partial differential equation, then cius+ cous+ -« + Colka,
where ¢i, ¢2, . .., cn are constants, is also a solution.

Theorem 1-2: The general solution of a linear nonhomogeneous partial differential equa-
tion is obtained by adding a particular solution of the nonhomogeneous
equation to the general solution of the homogeneous equation.

We can sometimes find general solutions by using the methods of ordinary differen-
tial equations. See Problems 1.15 and 1.16.

If A,B,...,F in (1) are constants, then the general solution of the homogeneous
equation can be found by assuming that u = e®**%, where a and b are constants to be
determined. See Problems 1.17-1.20.

2. Particular solutions by separation of variables. In this method, which is simple but
powerful, it is assumed that a solution can be expressed as a product of unknown func-
tions each of which depends on only one of the independent variables. The success of
the method hinges on being able to write the resulting equation so that one side depends
on only one variable while the other side depends on the remaining variables —from
which it is concluded that each side must be a constant. By repetition of this, the un-
known functions can be determined. Superposition of these solutions can then be used
to find the actual solution. See Problems 1.21-1.25.
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Solved Problems

MATHEMATICAL FORMULATION OF PHYSICAL.PROBLEMS

11

1.2

1.3.

Derive the vibrating string equation on page 3.

Referring to Fig. 1-6, assume that As represents el
an element of arc of the string. Since the tension is ‘A/sA__ 72 1
assumed constant, the net upward vertical force acting , i _I 4
on As is given by - o
. 1
78in6, — 7 siné, (1) c———— i
|
) Since .sin 6 = tan g, approximately, for small angles, 9‘0 x-il-Aac
this force is
8y — Fig. 1-6
Tox |z+ax T 0% | @) 8. 16
using the fact that the slope is tans = Qy—. We use here the notation %y and %y for the
dx 0x |z 0x |+ Ax

partial derivatives of y with respect to x evaluated at x and x -+ Ax, respectively. By Newton’s law
this net force is equal to the mass of the string (u As) times the acceleration of As, which is given by

2
&y + ¢ where ¢—>0 as As—> 0. Thus we have approximately

at2
T [% I:I = (uAs) <g27?2l + e> 4 €))

If the vibrations are small, then As == Az approximately, so that (2) becomes on division by n Aw:

_ %
x+Azx ox

% ~ %
r 0x

z+Ax dx iz 92y
v Ax T a2

+ € (4)

- Taking the limit as Az > 0 (in which case ¢ = 0 also), we have

where a? = 7/u

2
rofow) L Py Py L
u©ox Bx) at2 at2 . 0x2

Write the boundary conditions for a vibrating string of length L for which (a) the
ends =0 and x =L are fixed, (b) the initial shape is given by f(x), (c) the initial
velocity distribution is given by g(z), (d) the displacement at any point z at time %
is bounded.

(a) If the string is fixed at z =0 and x = L, then the displacement y(x,¢) at £ =0 and 2= L
must be zero for all times ¢ > 0, i.e. i
y(0,8) = 0, wy(L,t) = 0 t>0
(b) -Since the string has an initial shape given by f(x), we must have
y(x,0) = flx) 0<xz<L
(¢) Since the initial velocity of the string at any point = is ’g(m), we must have
y(x,0) = g(x) 0<z<L
Note that y,(x,0) is the same as 9y/dt evaluated at ¢ = 0.

(d) Since y(x, t) is bounded, we can find a constant M independent of z and ¢ such that

ly(z, )] < M 0<x<L, t>0

Write boundary conditions for a vibrating string for which (a) the end 2 =10 is
moving so that its displacement is given in terms of time by G(t), (b) theend =1L
is not fixed but is free to move.

(@) The displacement at x = 0 is given by »(0,t). Thus we have

y(0,t) = G(t) t>0
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14.

15,

1.6.

(b) If 7 is the tension, the transverse force acting at any point x is

d
Ta—Z' = Tyz(x;t)

Since the end « = L is free to move so that there is no force acting on it, the boundary

condition is given by
y(L,t) = 0 or y(L,t) =0 t>0

Suppose that in Problem 1.1 the tension in the string.is variable, i.e. depends on the
particular point taken. Denoting this tension by =(x), show that the equation for the
vibrating string is

9 oyl %y
swl @oel = g
In this case we write (2) of Problem 1.1 as
dy — 9y
T(x) 0% |x+Ax T(x) ox [z
so that the corresponding equation (4) is
Sy _ %
(@) 0% |z+Azx 7(@) ox |z a2y .
= — "+
nAx at2

Thus, taking the limit as Ax = 0 (in which case ¢~ 0), we obtain

dl.md| = %
ax[f(”)ax = Foae

after multiplying by p.

Show that the heat flux across a plane in a conducting medium is given by —K g,—z-,

where u is the temperature, n is a normal in a direction perpendicular to the plane
and K is the thermal conductivity of the medium.

Suppose we have two parallel planes I and II a dis- I 11
tance An apart (Fig. 1-7), having temperatures « and
u+ Au, respectively. Then the heat flows from the plane
of higher temperature to the plane of lower temperature.
Also, the amount of heat per unit area per unit time, called
the heat flux, is directly proportional to the difference in
temperature Au and inversely proportional to the distance
An. Thus we have

u U+ Au

An

Heat flux from I to II = —K%Z— (1)

where K is the constant of proportionality, called the ther-
mal conductivity. The minus sign occurs in (I) since if
Au > 0 the heat flow actually/takes place from II to I. Fig.1-7

By taking the limit of (1) as An and thus Au approaches zero, we have as required:

Heat flux across planel = —Kg% (2)
We sometimes call g—z the gradient of u which in vector form is Vu, so that (2) can be written

Heat flux across planel = —-KVu (€3]

If the temperature at any point (x,v,2) of a solid at time £ is u(x,¥,2,t) and if K,
and p are respectively the thermal conductivity, specific heat and density of the solid,
all assumed constant, show that
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ou
1 = V2 where « = K/op
Cdnsider a small volume element of the solid V, as indicated in Fig. 1-8 and greatly enlarged
in Fig. 1-9. By Problem 1.5 the amount of heat per unit area per unit time entering the element
. ou ou
through face PQRS is —K ﬁ’z’ where 2% |z
ated at the position x. Since the area of face PQRS is Ay Az, the total amount of heat entering
the element through face PQRS in time At is

indicates the derivative of u with respect to x evalu-

ou
—K—IA Az At 1
0x |z yaz (1)

Similarly, the amount of heat leaving the element through face NWZT is

ou
K dx

2
oA Ay Az At (2)

where gia: Az indicates the derivative of u with respect to x evaluated at x + Ax.
x

The amount of heat which remains in the element is given by the amount entering minus the
amount leaving, which is, from (Z) and (2),

ou

{K 3z

In a similar way we can show‘that the amounts of heat remaining in the element due to heat
transfer taking place in the y- and z-directions are given by

ou
ot ax K:_’:—”L} Ay Az At 3

ou ou
{K oy lvray ~ Koy ,,} Az Az At . %)
ou ou
and {K W . - KX L} Ax Ay At (5)

respectively.

The total amount of heat gained by the element is given by the sum of (8), (4) and (5). This
amount of heat serves to raise its temperature by the amount Au. Now, we know that the heat
needed to raise the temperature of a mass m by Au is given by mo Au, where ¢ is the specific heat.
If the density of the solid is s, the mass is m = yAx Ay Az. Thus the quantity of heat given by
the sum of (3), (4) and (5) is equal to

ou Ax Ay Az Au (6)

If we now equate the sum of (3), (4) and (5) to (6), and divide by Az Ay Az At, we find

U ou ou du du ou
K— — K— — — K= — —~ K=
0x |x+Az ox |z + Kay y+Ay Kay y + Kaz z+Az Kaz 2 = aﬂé}ﬁ
Ax Ay Az a
In the limit as Az, Ay, Az and At all approach zero the above equation becomes
3 ou [0 ou i} du u
I (gou 9 (gt 9 [go% = 7
ax< ax> + ay(K ay> + 0z (K az> 75t @
or, as K is a constant,
2u |, %u |, du _ ou
(ax2 Tt az2> = g ®
This can be rewritten as
ou )
il «V2u 9)

K
where « = E is called the diffusivity.
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17,

18.

19.

‘1.7 reduces to Laplace’s equation;, V2u.=

. Fig.1-8 ‘ C . Fig.19

Work Problem 1.6 by using vector methods.

. Let V be an arbitrary volume lying within the solid, and let S denote its surface (see Fig. -8)
The total flux of heat across'S, or the quantity ¢ of heat leaving S per unit time, is

ff(-—KVu)'ndS o

where n is an outward-drawn unit normal to S. Thus the quantity of heat entering S per unit tlme is

f (Kw)-nds = ff Ve (BKVu)dV i : }' (1)

by the divergence theorem. The heat contamed in a volume V is given by -

fff ouu dV R
. v . : ) : ‘
Then the time rate of increase of heat is

i fff mav = fﬂ *‘ @
atf . tr,u.udV = on Ty 6‘t ) (2). -
; v , .
Equating the righ"r»hand sides of (1) and (2)' :

fff [.m— - v KVu):]dV =0

and since V is arbltrary, the mteg'rand assumed contmuous, must be identically zero, so that
Bu . ; )
oo = V(K Vu)
or if K, o, u are constants, I . :
’ ou K ’ :
. - Sy = 2
o v WV Vu’ «V2y , ‘ @ -

Show that for steady-state heat flow the heat\conduction equation of Problem 1.6 or

In the case of steady-state heat flow 'the temperature % does not depend on txme t, so that
ou

3= 0. Thus the equatwn B V2 bec0mes V2u = 0.

at

A thin bar of diffusivity « has lts ends at = 0 and z=L on the z-axis (see’
Fig. 1-10). Its lateral surface is msulated 80 that heat cannot enter or escape.
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(@) If the initial temperature is f(x) and the ends are kept at temperature zero, set up
the boundary value problem. (b) Work part (a) if the end « = L is insulated. (¢) Work
part (a) if the end « = L radiates into the surrounding medium, which is assumed to
be at temperature .

This is a problem in one-dimensional heat con-

duction since the temperature can only depend on x
the position x at any time t and can thus be de-
noted by u(x,t). The heat conduction equation is
thus given by
ou 2u -
_— = - <g<L t>0 1 Fig.1-10
at " o2 0<= ’ () &
(a) Since the ends are kept at temperature zero, we have
w©0,t) = 0, w(l,t) =0 t>0 (2)
Since the initial temperature is f(x), we have
ulx,0) = f(x) 0<x<L ®
Also, from physical considerations the temperature must be bounded; hence
Ju(x, )] < M 0<z<L, t>0 (4)

The problem of solving (I) subject to conditions (2), (3) and (4) is the required boundary
value problem. A problem exactly equivalent to that considered above is that of an infinite
slab of conducting material bounded by the planes * =0 and x = L, where the planes are
kept at temperature zero and where the temperature distribution initially is f(x).

(b) If the end x =L is insulated instead of being at temperature zero, then we must find a
replacement for the condition w(L,t) =0 in (2). To do this we note that if the end = = L
is insulated then the flux at « = L is zero. Thus we have

Qy
0x lz=L

= 0 or equivalently %, (L,t) = 0 (5)
which is the required bz)undary condition.

(¢) It is known from physical laws of heat transfer that the heat flux of radiation from one object
at temperature U, to another object at temperature U, is given by a(U?— Ué), where a is
a constant and the temperatures U; and U, are given in absolute or Kelvin temperature which
is the number of Celsius (centigrade) degrees plus 273. This law is often called Stefan’s
rad.ation law. From this we obtain the boundary condition

~Ku (L, t) = afu)—ud) where u; = wul(L,t) (6)
If u; and uy do not differ too greatly from each other, we can write

4 4 _ 3, 2 2, 4
up — up = (ug— ug)(uy + ujup + uyug + up)

3 2
—ayd] [ 1 it
i (uy uo)uo[(uo> + (uo> + o + 1]

duy(uy — ug)

4

since (u1/u)3, (ug/ug)?, (u/uy) are approximately equal to 1. Using this approximation, which is
often referred to as Newton’s law of. cooling, we can write (6) as

—Ku, (L, t) = Bu; — up) 4]
where 3 is a constant,

CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS

1.10. Determine whether each of the following partial differential equations is linear or

nonlinear, state the order of each equation, and name the dependent and independent
variables.
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2
(@) %% = 4% linear, order 2, dep. var. u, ind. var. , ¢
3 2
(&) = Z—yg = y3% linear, order 3, dep. var. R, ind. var. x,y
*wW . .
(c) WW rst , nonlinear, order 2, dep. var. W, ind. var. r,s, ¢

P P Pp
(@) ax2 8 0

linear, order 2, dep. var ¢, ind. var. x,y,2

(e

~—

2 2 .
?—z— + a—z = 1 nonlinear, order 1, dep. var. z, ind. var. u,v
U ov

1.11. Classify each of the following equations as elliptic, hyperbolic or parabolic.

¥, B _
(CL) ax2+ay2 = 0

u=¢, A=1, B=0, C=1, B2—4AC = —4 <0 and the equation is elliptic.

u *u
® T = <G
y=1t A=k, B=0, C=0; B2—4AC =0 and the equation is parabolic.
oy _ 0%
(€) e T Yo
y=t u=y, A=a?, B=0, C=-1; B2—4AC =4a2> 0 andthe equationishy-
perbolic.
F*u 3*u o*u u ou .
A=1 B=38, C=4; B2—4AC = —7 <0 and the equation is elliptic.
.U *u S O0U
(e) xw+ya—yz+3y 0

A=x, B=0, C=y; B2—4AC = —4xy. Hence, in the region zy > 0 the equation
is elliptic; in the region xy < 0 the equation is hyperbolic; if xy = 0, the equation
is parabolic.

SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS
1.12. Show that u(x,{) = e % sin2x is a solution to the boundary value problem

ou *u .
5% 25—9—05, u(0,t) = u(r,t) = 0, u(x,0) = sin2z
From wu(x,t) = e~ 8t gsin2x we have
#(0,t) = e 8sin0 = 0, wu(t) = e 8sin27z = 0, wu(x,0) = e 0%sin2x = sin2«x
and the boundary conditions are satisfied.
du ou 9%u .
= = —Be—8t g — = —8t —_— = —4e—8t
Also ot 8¢ sin 2z, F 2¢ cos 2z, P 4e sin 2x
Then substituting into the differential equation, we have
—8¢~ 8 sin2x = 2(—4e 8t gin 2x)

which is an identity.
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1.13. (a) Show that » = F(y—38z), where F is an arbitrary differentiable function, is a
general solution of the equation

v av
%+3@ = 0

(b) Find the particular solution which satisfies the condition »(0,y) =4 siny.

(@) Let y—3x =u. Then v = F(u) and

v o _ pray—3) = —3F
dx ~  du dx F)(=3) = 3F"(u)
9v  _ dvou  _ ' = '
oy~ ouay F'(u)(1) F'(u)
Thus LA
dx oy

Since the equation is of order one, the solution v = F(u) = F(y — 3x), which involves one
arbitrary function, is a general solution.-

(b) v(z,y) = F(y—3x). Then v(0,y) = F(y) = 4siny. But if F(y) = 4siny, then v(z,y) =
F(y—8x) = 4 sin(y — 3x) is the required solution.

1.14. (a) Show that y(x,{) = F(2x + 5¢t) + G(2x —5t) is a general solution of

Py _ %y
e

(b) Find a particular solution satisfying the conditions
¥(0,t) = y(=,t) = 0, y(x,0) = sin2x, yi(x,0) = 0
(@) Let 20 +5t =u, 226 —5t =v. Then y = F(u)+ G(v).

oy _ O, oG aw

at ~ ou ot | ov at Fl)@) + @@-6) = 5Pt — 5¢'(v) @
T4 = 2erw-sew) = 55 % gIE0 a5 + 2567 () @)
g_z = %’% +%gg_z = F')@) + G@E) = 2F @) + 26'() L ®
= Lerwreew) = 204280 o ap) +ae) @

92 2 . . . . . .
From (2) and (4), Tt?‘; =2 ng and the equation is satisfied. Since the equation is of

order 2 and the solution involves two arbitrary functions, it is a general solution.

(b) We have from y(x,t) = F(2x + 5t) + G(2x — 5t),

Y(x,0) = FQ2x) + G2z2) = sin2x . (%)
Also vz t) = ‘3—3 = 5F'(2x+5t) — 5G/(2x — 5t)
so that yy(x,0) = B5F'(2x) — 5G'(2x) = 0 (6)
Differentiating (5), o 2F'(2z) + 2G'(2x) = 2 cos2x 7)
From (6), F'2z) = G'(2x) )

Then from (7), and (8), F'(2x) = G'(22) = }cos2x
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from which F(2x) = 4sin2zx + ¢, G2x) = 1sin2x + ¢
i.e. y(x,t) = 4 sin(x+5t) + Lsin(2x—5¢) + ¢; + ¢

Using %(0,t) =0 or y(=,t) =0, ¢;+¢, =0 so that
y(x,t) = 4 sin(2x+6t) + 4 sin (22 —5t) = sin 2x cos 5¢

which can be checked as the required solution.

13

METHODS OF FINDING SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS

2

’ . oz,
1.15. (a) Solve the equation oy %Y.

(b) Find the particular solution for which z(x,0) = 2, 2(1,y) = cosy.

(¢) Write the equation as %(g—;) = x2y. Then integrating with respect to x, we find

0z

— = 13

P Lady + F(y)
where F(y) is arbitrary.

Integrating (1) with respect to y,
z = }a%y? + fF(y) dy + G(=)

where G(x) is arbitrary. The result (2) can be written

z = z2(x,y) = Jx%y? + H(y) + G(x)
which has two arbitrary (independent) functions and is therefore a general solution.

(b) Since =z(z,0) = 22, we have from (3)
2 = H@O) + Gxr) or G = z2— H(0)
Thus z = 332 + H(y) + «2 — H(0)
Since 2(1,y) = cosy, we have from (5)
cosy = 3y?+ H(y) + 1 — H(0) or H(y) = cosy — 342 — 1 + H(0)

[_Ising (6) in (5), we find the required solution

z = }a%% + cosy — }y? + 22 — 1

ou

l.lfi. Solve. ¢ 3% ot

ou
+ 2= = 22
dax
d
Write the equation as ™ [t%% + 2u:] = x2 Integrating with respect to «,
ou ou 2
ou = 2 Moy s, = 24 £
tat+2u z2t + F(t) or 6t+tu z2 +
This is a linear equation having integrating factor eJ AP = ot = e o t2. Then
;—t(tzu) = 228 + tF()

Integrating, Py = La28 + ftF(t) dt + H(x) = a3 + G(t) + H(x)
and this is the required general solution.
o*u u

Erod 3axay

. . *u
1.17. Find solutions of + 25? = 0.

(1)

(2

@)

5)

(6)
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Assume u = e2x+b¥, Substituting in the given equation, we find
(a2 + 3ab + 2b2)eaz+by = 0 or a? + 3ab 4+ 202 = 0

Then (a-+b)(a+2b)=0 and a=-b, a=—-2b. If a=—b, e bx+by=¢bw=2 jga solution
for any value of b. If a = —2b, e 2bz+by = ¢by~21) g a solution for any value of b.

Since the equation is linear and homogeneous, sums of these solutions are solutions (Theorem
1-1). For example, 3¢2(v—7) —2¢8(¥—2) 4 5em(¥—2) jg a solution (among many others), and one is
thus led to F(y — «) where F is arbitrary, which can be verified as a solution. Similarly, G(y — 2x),
where G is arbitrary, is a solution. The general solution found by addition is then given by

u = Fly—z) + Gy—2x)

. . : ou ou *u Pu | Pu
1.18. Find a general solution of (a) 25§E+ 3 Pyl 2u, (b) 4 e 4096 3y + v 0.
(a) Let % = eaxt+by, Then 2a + 3b = 2’ a = 2 ; 3b’ and el(2—3b)/2]x + by = pxe(b/2)(2y—32)

is a solution.

e

Thus u = e*F(2y — 3x) is a general solution.

(b) Let u = eax+by, Then 4a2 —4ab+ b2 = 0 and b = 2a,2a. From this u = e*@®@+2 gand
so F(x -+ 2y) is a solution.
By analogy with repeated roots for ordinary differential equations we might be led to
believe xG(x + 2y) or yG(x + 2y) to be another solution, and that this is in fact true is easy
to verify. Thus a general solution is

+

u = F(z+2y) + «G(x + 2y) or ~ u = F(x+2y) + yG(x + 2y)

Pu *u
1.19. ol — —-— = exty,
9. Solve 2 T PR 10
L8, % _ . ey )
The homogeneous equation W+ Wz 0 has general solution w = F(x-+iy) + G(x —iy)

by Problem 1.39(c).

To find a particular solution of the given equation assume wu = «e2**¥ where « is an unknown
constant. This is the method of undetermined coefficients as in ordinary differential equations.
We find o« = 2, so that the required general solution is

u = F(x+1iy) + Gl —iy) + 2e2z+y

%u u

1.20. Solve W e 6—2/5

2r+y

The homogeneous equation has general solution
‘u = F@x+y) + G2x—y)
To find a particular solution, we would normally assume u = xe2**% gas in Problem 1.19 but

this assumed solution is already included in F(2x + y). Hence we assume as in ordinary differential
equations that u = axe2*+¥ (or wu = aye2*+¥), Substituting, we find o« = 1

Then a general solution is

u = F@2x+y) + G2x—y) + Llure2rty

SEPARATION OF VARIABLES
1.21. Solve the boundary value problem
a_u u

o5 = 45, w0y = 8e
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1.22.

1.23.

is a solution. By the last boundary condition,

by the method of separation of variables.
Let u = XY in the given equation, where X depends only on « and Y depends only on y.

Then X'Y = 4XY’ or X'/M4X = Y'/Y
where X’ = dX/dx and Y’ = dY/dy.

Since X depends only on x and Y depends only on y and since x and y are independent vari-
ables, each side must be a constant, say ec.

Then X' —4¢X =0, Y’ —cY =0, whose solutions are X = Ae%?, Y = Be,
A solution is thus given by
u(zx, y) = XY = ABecz+y) = Kecldz+y)
From the boundary condition, _
u(0,y) = Ke¥ = 8e 3

which is possible if and only if K =8 and c¢ = —8. Then u(x,y) = 8¢~ 34x+¥) = Be~122—3v g
the required solution.

Solve Problem 1.21 if %(0,y) = 8¢3 + 4e~%.

As before a solution is Kec(4z+%), Then Ket1¢4z+¥) and K,ec2(4x+¥) are solutions and by the
principle of superposition so also is their sum; i.e. a solution is

wzx,y) = Kjeus+w) 4 Koecrtda+y)
From the boundary condition,

w(0,y) = Kiea¥ + Kgetsv = 8e=3¥ 4 4e~ 5
which is possible if and only if K; =8, K, =4, ¢; = =38, ¢, = —5.

Then u(x,y) = 8e—34z+v) 4 4e—5Uz+y) = 8¢~ 122 —3¥ 4 4¢~202—5¥ g the required solution.

ou Pu .
Solve 7 2%5, 0<2<3, ¢t>0, giventhat u(0,?) = u(3,f) = 0,
u(x,0) = 5sindrz — 38in8zx + 2sin10xz, lu(z, t)) < M

where the last condition states that » is bounded for 0 <2 <3, > 0.

Let u = XT. Then XT' = X"T and X''/X = T"/2T. Each side must be a constant, which we
call —A2. (If we use 42, the resulting solution obtained does not satisfy the boundedness condi-
tion for real values of \.) Then

X" 4+ A2X = o, T+ 2x2T = 0
with solutions X = A, cosrx + Bl‘ sin Az, T = ce '
A solution of the partial differential equation is thus given by
wx,t) = XT = ecie~2"t(4, cosra + Bisinaxr) = e 2(A cosAx + B sin Ax)
Since u(0,t) =0, e"2"t(A) =0 or A=0. Then
w(x, t) = Be—2\"t gin Ay

Since (3,t) =0, Be~2’t sin3\ =0. If B = 0, the solution is identically zero, so we must have
sin3\ =0 or 3\ =mw, A\ =mw#/3, where m =0,*1,=2,.... Thus a solution is

w(x,t) = Be—2m*/9 gin ML
Also, by the principle of superposition,

mywx Mo ® Mmgwrx

_ o2 2 . 2 2 . 2 .
u(x, t) = Bye 2mimt/9 gin + Bye—2mmt/9 gin + Bge—2mim*t/9 gin
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124,

~on putting by =10 and ertlng‘ B = b1a2

' BOUNDARY VALUE PROBLEMS  [CHAP. 1

- mr Mor® . Mgrw
Bl sin —— + B, sin 4+ Bjsin 3

u(x, 0).

II

= b5 gindzx — 3 sm 8rx + 2 sm 107790
which'is p0551ble if .and only if By =5, m; = 12, By = =8, my = 24, By =2, my= 80.
Substituting these in (1), the required solution is | »
w(x, ) = Be~327t gindzw — 3¢~ 1287t gin 8rar + 26_2097_72t sin 10z (2)

This boundary value problem has the following interpretation as a heat flow problem. ~A bar
whose surface is insulated (Fig. 1-11) has a length of 3 units and a diffusivity of 2 units. If its ends
are kept at temperature zero units and its initial temperature wu(%,0) = 5 sin’ 47790 -8 sin 87z +-
2 sin 107z, find the temperature at position x at time ¢, i.e. ﬁnd u(zx, t). .

Fig. 1-11

Solve %t% —16%Y " Y o<w<2, t>0, subje'ct to the conditions y(0,#) = 0, y(2,#) =0,
y(z,0) = 6 sinxz — 8 sin 47rx ye(@,0) =0, |y(x,t)| < M. \

' Let y = XT, where X depends only on %, T depends only on t. Then substitution in the
differential equation yields ‘ - :
XT" = 16X”T or X'"/X = T"/16T

on separating the variables. Since each side must be a constant, say —>\2 we have

X" 4+ A2X = 0, ™ + 1632T = ¢
Solving these we find ) :

X = ajcoshx + bysinax, T = ‘aycosdNt + bysindnt

Thus a solution is :
y(x,t) = (a1 cos A\x + by sin Mc)(az cos At + 62 sin 4At) (1)

To find the constants it is simpler to proceed by using first’ those boundary conditions involving
two zeros, such as ¥(0,%) = 0, y(x,0) =0.  From ¥(0,t) = 0 we see from (1) that

ay(ag cos 4Nt + by sin 4NE) =
so that to obtain a non zero solution (1) we must have a; = 0. Thﬁs (1) becomes
’ ylz, t) = (by sin'Ax)(dy cos 4Nt + by sin 41¢) L (2)
Differentiation of (2) with respect to vields -

yi(x, 1) = = (by sin Ax)(—4ray sin 4t + 4Aby, cos 40L) .

'so that we have on puttmg t=20 and using the condition yg(x,0) = 0

v 0) = (b, sinAz)(dnb) = 0 e L@

In order to obtain a solutlon (2) whlch is not zero we see from (3) that we must have b2 = 0.

Thus (2) becomes

y(z,t) = B sin\w cos 4>\t

From y(2 t) = 0 we now find ‘
B sin 2\ cos 4Nt = 0

and we see that we must have sin2\ =0, ie. 2\ =mzr or A= ms/2 'Where m=0,%1,%2, ... \.
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1.25.

Thus y(x,t) = B sin m;— % cos 2mrt (4)

is a solution. Since this solution is bounded, the condition |y(z,t)| < M is automatically satisfied.

In order to satisfy the last condition, y(x,0) = 5 sinzx — 3 sind=x, we first use the principle
of superposition to obtain the solution
myndx 7

y(x,t) = Bjsin 5 oS 2myrt + B, sin m22 cos 2myrt * (5)
Then putting £t =0 we arrive at
. myre | Mmorx
¥(*,0) = Bysin—— + B, sin—;

= 6 sin7x — 3 sin 47z

This is possible if and only if B, =6, m; =2, By=—3, my=28. Thus the required solution
(5) is
y(x,t) = 6 sinzx cosdnrt — 8 sin drx cos 164t (6)

This boundary value problem can be interpreted physically in terms of the vibrations of a string.
The string has its ends fixed at x =0 and x =2 and is given an initial shape f(x) = 6 sin7z® —
3 sin47x. It is then released so that its initial velocity is zero. Then (6) gives the displacement
of any point « of the string at any later time ¢.

2,
Solve ‘2—1: - 2-‘;712, 0<z<3, t>0, given that u(0,t)=wu(3,t) =0, u(x,0)=f(x),
lu(z, t)] < M.

This problem differs from Problem 1.23 only in the condition wu(x,0) = f(x). In seeking to
satisfy this last condition we see that taking a finite number of terms, as in (Z) of Problem 1.23,
will be insufficient for arbitrary f(x). Thus we are led to assume that infinitely many terms are
taken, i.e.

< . mrx
u(x,t) = 21 Bme—zm’nzt/s sin Wg_
me

The condition u(x,0) = f(x) then leads to

mmrx

flxy = i B,, sin 3
m=1

or the problem of expansion of a function into a sine series. Such trigonometric expansions, or
Fourier series, will be considered in detail in the next chapter.

Supplementary Problems

MATHEMATICAL FORMULATION OF PHYSICAL PROBLEMS

1.26.

1.27.

If a taut, horizontal string with fixed ends vibrates in a vertical plane under the influence of grav-
ity, show that its equation is
By _ e

ez dw2

where g is the acceleration due to gravity.

A thin bar located on the wx-axis has its ends at * =0 and « = L. The initial temperature of the
bar is f(x), 0 <« < L, and the ends « =0, x = L are maintained at constant temperatures T}, T,
respectively. Assuming the surrounding medium is at temperature u, and that Newton’s law of
cooling applies, show that the partial differential equation for the temperature of the bar at any

point at any time is given by
oo B
at - a2 B 0

and write the corresponding boundary conditions.
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1.28.

1.29.

1.30.

1.31.

BOUNDARY VALUE ‘PROBLEMS [CHAP. 1

Write the boundary conditions in Problem 1.27 if (a) the ends =0 and « =L are insulated, ’
(b) the ends # =0 and x = L radiate into the surrounding medium according to Newton’s law

of cooling.

The gravitational potential v at any point (x,¥, 2) outside of a mass m located at the point (X, Y, Z)
is defined as the mass m divided by the distance of the point (x,y,2) from (X,Y,Z). Show that
v satisfies Laplace’s equation V2v = 0,

Extend the result of Problem 1.29 to a solid body.

A string has its ends fixed at * =0 and « = L. It is displaced a distance % at its midpoint and
then released. Formulate a boundary value problem for the displacement y(x,t) of any point «
of the string at time ¢.

CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS

1.32. Determine whether each of the following partial differential equations is linear or nonlinear, state
the order of each equation, and name the dependent and independent variables.
o @il = L5+ 50 @ Z-aZY =

1.33. Classify each of the following equations as elliptic, hyperbolic or parabolic.
@ Z6-2¢ - @ @-DI% 4+ 20y 2Lt -1 Th
O = st oyl
© L2 2ol - 4y n ee-niE-Z8 =0 M>o
(d) xﬂ% + 2xyaa:—gy + yz% = 0

SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS

1.34. Show that 2z(x,y) = 4e~3% cos 3y is a solution to the boundary value problem

L4 = 0, e = 0 a0 = e
135. (a) Show that «v(x,y) = =zF(@2x+y) is a general solution of x%;i - 2x§—; =

1.36.

1.37.

(b) Find a particular solution satisfying v(1,y) = 2.

hd -~

Find a partial differential equation having general solution u = F(x— 3y) + G2z + y).

Find a partial differential equation having general solution

(@) =z = €*f(2y —3x), ® z = fx+y) + g(x—2y)

GENERAL SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS

1.38.

02z
ox oy

(@) Solve =« +£ = 0.
oy

(b) Find the particular solution for which  z(x,0) = 5+ 2 _Z_S’ z2(2,y) = 3yt
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1.39.

1.40.

141.

142.

Find general solutions of each of the following.

2u _ u . u U _ Pu  Pu _
(a) 3;2‘ - Tyi « (b) 3% + 28y = 3u (0) 3.’172 + 3:1/2 0
3% 8% Pz _ P, P % _
@ 5 " Zizay a2 = 0 @ 5 droy | oyl

Find general solutions of each of the following.

du ou dtu

(a) F + 2ay x (¢) Fyory + 2ax3 3
Py _ Py Pa g% P _
() a2 = 382 + 12¢ (d) Py 389& 5y + 26y2 zsiny
9tu 3tu tu
Solve Pt + 2W + Pyl 16.
. v , 29v _ 1w _ F(r—et) + G(r+ct)
Show that a general solution of 52 + T~ Roam is v = - .

SEPARATION OF VARIABLES

1.43.

144,

1.45.

1.46.

1.47.

Solve each of the following boundary value problems by the method of separation of variables.

— = -—x
(a) 3———+2—ay 0, u(x0) 4e
U _ 50U — 9,5 -3z
() % 2_ay +u, ux,0) 3e75% + 2e
ou __ , 0%u _ — - i i
(0 5= 45;_, w0,t) = 0, wmt) = 0, w(x,0) = 2sin3x — 4 sin b
o _ o _ - Bz _ o Orw
@ 3, = 32 w00 =0, w2t =0 ux 0) = 8ecos—=—6cos—
U __ ,0u — 9
(e) rrile 3_890’ w(z, 0) 8¢~ 2z
ou __ du — -z — Go—4
f2) TR —2u, u(x,0) = 10e~% — e~ 4
(g) u _ Pu u(0,t) = 0 w4,t) = 0 u(x,0) = 6 sinZZ + 3 sinma
ot ax?’ ’ ’ ’ ’ ’ 2

Solve and give a physical interpretation to the boundary value problem

oy _ % _ — - _

T = 455 v0H =360 =0 y®0 =0, @0 = fl@) (O<z<5t>0)
if (a) f(x) = Bsinzx, (b) f(x) = 8 sin2rx — 2 sin brz.

Codu _ 2%u . o . .
Solve 5 2u if w(0,t) =0, u(3,t) =0, wux,0 = 2sinrr — sin 47z.

Suppose that in Problem 1.24 we have y(z,0) = f(x), where 0 <z < 2. Show how the problem
can be solved if we know how to expand f(x) in a series of sines.

Suppose that in Problem 1.25 the boundary conditions are u,(0,¢t) =0, u(3,8) =0, wu(x,0) = f(x).
Show how the problem can be solved if we know how to expand f(x) in a series of cosines. Give
a physical interpretation of this problem.



Chapter 2

Fourier Series and Applications

THE NEED FOR FOURIER SERIES

In Problem 1.25, page 17, we saw that to obtain a solution to a particular boundary
value problem we should need to know how to expand a function into a trigonometric series.
In this chapter we shall investigate the theory of such series and shall use the theory to
solve many boundary value problems.

Since each term of the trigonometric series considered in Problem 1.25 is periodic, it
is clear that if we are to expand functions in such series, the functions should also be
periodic. We therefore turn now to the consideration of periodic functions.

PERIODIC FUNCTIONS

A function f(x) is said to have a period P or to be periodic with period P if for all z,
f(x + P) = f(x), where P is a positive constant. The least value of P > 0 is called the least
pertod or simply the period of f().

Example 1.

The function sin # has periods 2r,4r, 67, ..., since sin (x+ 27), sin (¢ + 4x), sin (x + 67), ... all equal
sinz. However, 27 is the least period or the period of sin z.

Example 2.

The period of sin nx or cos nxz, where n is a positive integer, is 2»/n.

Example 3.
The period of tan z is =.

Example 4.
A constant has any positive number as a period.

Other examples of periodic functions are shown in the graphs of Fig. 2-1.

@) 3 1) 3 R
A - 3 R - &
///| ////, : [/ [ [ 1,
@ (®) @
Fig. 2-1

20
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PIECEWISE CONTINUOUS FUNCTIONS F(x)

A function f(z) is said to be piecewise con-
tinuous in an interval if (i) the interval can be
divided into a finite number of subintervals in
each of which f(x) is continuous and (ii) the
limits of f(x) as « approaches the endpoints of

h

~
]
+
=

each subinterval are finite. Another way of ) |

gtating this is to say that a piecewise continu- ) !

ous function is one that has at most a finite ! |

number of finite discontinuities. An example I f |
of a piecewise continuous function is shown in , l { !
Fig. 2-2. The functions of Fig. 2-1(a) and (c) . ‘ ’
are piecewise continuous. The function of Fig.

2-1(b) is continuous. - Fig. 2-2

The limit of f(x) from the right or the right-hand limit of f(x) is often denoted by
ling f(x+e¢) = f(x+0), where «>0. Similarly, the limit of f(x) from the left or the left-

hand limit of f( ) is denoted by hm f(x—¢ = f(x—0), where ¢>0. The values f(x+0)

and f(x—0) at the point = in F1g 2-2 are agrindicated. The fact that «¢~> 0 and ¢>0
is sometimes indicated briefly by - 0+. Thus, for example, lim f(x+¢ = f(xz+0),
hﬁi f(x —e) = f(m — ()) €e=0+

€~0

DEFINITION OF FOURIER SERIES

Let f(x) be defined in the interval (—L, L) and determined outside of this interval by
f(x +2L) = f(x), i.e. assume that f(x) has the period 2L. The Fourier series or Fourier ex-
pansion corresponding to f(x) is defined to be

o < nrx . nrd
5 + HZ::I <an cos - + ba sin —L—> (1)
where the Fourier coefficients a, and b, are
L
[an = —1~f f(x) cos 2% du
L)_, L
n=2012,... ?)

_ 1 L N (g
1bn = 'I—Jj‘_,, f(x)sm—L—dx

Motivation for this definition is supplied in Problem 2.4.

If f(x) nas the period 2L, the coefficients a. and b, can be determined equivalently
from

B 1 c+2L Nrx
@w o= 7 f () cos 7% dax

c+2L
bn = Lf sm——dx

where ¢ is any real number. In the special case ¢ = —L, (3) becomes (2). Note that the

L
gﬂf f(x)dx, which is the mean of f(x) over a
-L

"n=012,... 3

constant term in (1) is equal to
period.

If L== the geries (Z) and the coefficients (2) or (3) are particularly simple. The
function in this case has the period 2x.

G _
> =

It should be emphasized that the series (7) is only the series which corresponds to f(x).
We do not know whether this series converges or even, if it does converge, whether it con-
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verges to f(x). This problem of convergence was examined by Dirichlet, who developed
conditions for convergence of Fourier series which we now consider.

DIRICHLET CONDITIONS
Theorem 2-1: Suppose that
(i)  f(x) is defined and single-valued except possibly at a finite number of
points in (=L, L)
(i)  f(x) is periodic with period 2L
(iii) f(z) and f’(x) are piecewise continuous in (—L, L)
Then the series (1) with coefficients (2) or (3) converges to
(@) f(x) if = is a point of continuity

(D) flz +0) ; f(z=0) if x is a point of discontinuity

For a proof see Problems 2.18-2.23.
According to this result we can write

Qo ' Nrx

flxy = 5 + "21 (an cosﬂ—Lﬁ + b sin T) (4)

at any point of continuity x. However, if z is a point of discontinuity, then the 4eft side is
replaced by 4[f(x+ 0) + f(x — 0)], so that the series converges to the mean value of f(x + 0)
and f(x— 0).

The conditions (i), (ii) and (iii) imposed on f(x) are sufficient but not necessary, i.e. if
the conditions are satisfied the convergence is guaranteed. However, if they are not satis-
fied the series may or may not converge. The conditions above are generally satisfied in
cases which arise in science or engineering.

There are at present no known necessary and sufficient conditions for convergence of
Fourier series. Tt is of interest that continuity of f(x) does not alone insure convergence
of a Fourier series.

ODD AND EVEN FUNCTIONS

A function f(z) is called odd if f(—x)= —f(x). Thus 2% 2°-—3z®+ 2z, sinz, tan3z
are odd functions.

A function f(x) is called even if f(—x)=f(x). Thus z* 22°—422+5, cosz, e +e >
are even functions.

The functions portrayed graphically in Fig. 2-1(a) and 2-1(b) are odd and even respec-
tively, but that of Fig. 2-1(c) is neither odd nor even.

In the Fourier series corresponding to an odd funection, only sine terms can be present.
In the Fourier series corresponding to an even function, only cosine terms (and possibly a
constant, which we shall consider to be a cosine term) can be present.

HALF-RANGE FOURIER SINE OR COSINE SERIES

A half-range Fourier sine or cosine series is a series in which only sine terms or only
cosine terms are present, respectively. When a half-range series corresponding to a given
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function is desired, the function is generally defined in the interval (0, L) [which is half of
the interval (—L, L), thus accounting for the name half-range] and then the function is
specified as odd or even, so that it is clearly defined in the other half of the interval, namely
(—L,0). In such case, we have

L
an = 0, bn = %f f(x) sin nLﬂdx for half-range sine series
0
(%)

. L
b = 0, an = %f f(x) cos EIi—xdx for half-range cosine series
1]

PARSEVAL’S IDENTITY states that

2

if teya = 3+ T@+v ©

if a, and b, are the Fourier coefficients corresponding to f(x) and if f(x) satisfies the
Dirichlet conditions.

UNIFORM CONVERGENCE
Suppose that we have an infinite series > u.(x). We define the Rth partial sum of the
n=1 .

series to be the sum of the first R terms of the series, i.e.

¢

R

Sp(@) = X u,(@) )

n=1
Now by definition the infinite series is said to converge to f(x) in some interval if given
any positive number ¢, there exists for each x in the interval a positive number N such that

IS (%) — f(x)] < ¢ whenever R>N (8)

The number N depends in general not only on ¢ but also on z. We call f(x) the sum of
the series. ,

An important case occurs when N depends on ¢ but not on the value of z in the interval.

In such case we say that the series converges uniformly or is uniformly convergent to f(x).

Two very important properties of uniformly convergent series are summarized in the
following two theorems. o

Theorem 2-2: 1If each term of an infinite series is continuous in an interval (a, b) and the
series is uniformly convergent to the sum f(z) in this interval, then

1. f(x) is also continuous in the interval
2. the series can be integrated term by term, i.e.

fb{gl “"(x)} de = §1 fab Un(w) daz )

Theorem 2-3: 1If each term of an infinite series has a derivative and the series of deriva-
tives is uniformly convergent, then the series can be differentiated term by
term, i.e.

(%0 121 un(x) = 2 d%un(x) (10)

There are various ways of proving the uniform convergence of a series. The most
obvious way is to actually find the sum S,(z) in closed form and then apply the definition

directly. A second and most powerful way is to use a theorem called the Weierstrass M
test.
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Theorem 2-4 (Weierstrass M test): If there exists a set of constants M., n= 1,2,.

such that for all z in an interval |ux(x)] = M., and if furthermore > M.

o0 n=1
converges, then Y, un.(¥) converges uniformly in the interval. Incidently,
n=1
the series is also absolutely convergent, i.e. 2 |un(x)| converges, under these
conditions.
Example 5. - sm i

The series E converges uniformly in the interval (—=,#) [or, in fact, in any interval], since a

set of constants M = 1/'n2 can be found such that

0

sinne] - 1 1
o ‘ = 2 and 2 2 converges

INTEGRATION AND DIFFERENTIATION OF FOURIER SERIES
Integration and differentiation of Fourier series can be justified by using Theorems 2-2
and 2-3, which hold for series in general. It must be emphasized, however, that those
theorems provide sufficient conditions and are not necessary. The following theorem for
integration is especially useful.
Theorem 2-5: The Fourier series corresponding to f(x) may be integrated term b'y term
from a to z, and the resulting series will converge uniformly,to f f(u) du,

provided that f(x) is piecewise continuous in —L =2 =L and both ¢ and
are in this interval.

COMPLEX NOTATION FOR FOURIER SERIES
Using Euler’s identities,

e® = cosf + isind, e"® = cosfd — isind (11)
where ¢ is the imaginary unit such that ¢2 = —1, the Fourier series for f(x) can be written
in complex form as

f(x) — ﬁ e, /L (12)
| ) nL— o
where ¢ = of j_L f(x)e~mm=/L dy (13)

In writing the equality (12), we are supp’osing that the Dirichlet conditions are satisfied
and further that f(z) is continuous at . If f(x) is discontinuous at z, the left side of (72)

should be replaced by &+ —2+ flz=0)

DOUBLE FOURIER SERIES

The idea oi a Fourier series expansion for a function of a single variable & can be ex-
tended to the case of functions of two variables « and y, i.e. f(x,y). For example, we can
expand f(x,y) into a double Fourier sine series

f(w) ?/) = 2 2 an Sln mll_az sin ?’;:f (1:4)

m=1

Ly
her Bunn = —= —J
where Lngj; , f(x,y) sin 2 L 2 sin 2T L, dxdy (15)
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Similar results can be obtained for cosine series or for series having both sines and cosines.
These ideas can be generalized to triple Fourier series, etc.

APPLICATIONS OF FOURIER SERIES

There are numerous applications of Fourier series to solutions of boundary value prob-
lems. For example: :

1. Heatflow. See Problems 2.25-2.29.
2. Laplace’s equation. See Problems 2.30, 2.31.
3. Vibrating systems. See Problems 2.32, 2.33.

Solved Problems

FOURIER SERIES
21.  Graph each of the following functions.

3 0<x<b’ .
Period = 10
-3 -b<x<0
flx)
l

~— Period —»

¢+
3
L]

1 1 T T T ¥ T T T T T X
—25 —20 ~15 —-10 -5 0] 3 5 10 15 20 25
[ — —— —— —— * — —— ———— — -
Fig.2-3

Since the period is 10, that portion of the graph in —5 < #'< 5 (indicated heavy in Fig.
2-8 above) is extended periodically outside this range (indicated dashed). Note that f(x) is not
defined at z =0,5,-5,10, 10,15, —15,etc. These values are the discontinuities of f{x).

siny 0=x=~r
b) flx) = iod =
(0) f(x) { 0 << Period = 2=

f(x)
I Period ——
-~ -~
\\ , P N . h , e S .,
o yi \ yi \_ __I/
3 Zon - 0 v 2 [ ¥
Fig.2-4

Refer to Fig. 2-4 above. Note that f(x) is defined for all # and is continuous everywhere,



26 FOURIER SERIES AND APPLICATIONS [CHAP. 2

0 0=x<2
(¢) f(x) = <1 2=x<4 Period=6
0 4=2<6
) f(x) )
[+—— Period —
- _——— -—= —_— - I
1
= = r'i — | E— -1 T ™ x
-12 -10 -8 -8 -4 -2 0 2 4 6 8 10 12 14

Fig.2-5

Refer to Fig. 2-5 above. Note that f(x) is defined for all # and is discontinuous at
x = %2, +4, +8 *+10,*14, ... .

L L ‘
22.  Prove f sin X% gy = f cosf‘Z—xdx =0 if k=123....
—L —L

L
L L
. krx _ _L knx _ _ L L - _
f_L sin Tdm = B ST LT o €OS kr + T 08 (—k=) 0
L L
krx _ L . krx _ L . L . _
f_L cos —— de = e A N L k= - sin (—k=) 0

L L 0 m+*n
23. Prove (a) jlp cos _”ﬁLﬂ cos nZ——gﬁdx = f_ sin mg sin nzx de = { L m=n
L mrg - Wl
(d) f_L sin == cos —— de = 0
where m and n can assume any of the values 1,2,3, ...

(@) From trigonometry:
c0sA cosB = {{cos(A —B) + cos (A +B)}, sindsinB = }{cos(A —B) — cos(4 + B)}
Then, if m #* n, we have by Problem 2.2,

L Mrx nre (m —n)rx n)n—m (m + n)rx
£L €os —— cos —5~ de = 2f { + COST—} de = 0
Similarly, if m #* n,
L L
mrx nrx _ 1 (m—n)re (m + Nz _
J;L sin 7 sin A de = 3 J;L {cos — cos ———— de = 0.
If m = n, we have .
L L
mrx nrE _ 1 2nrx _
£Lcos L_COSL de = 2f_L <1+cos i >dm = L
L L
mrx nTe - 1 _ 2nrw _
£L sin 7 sin T dex = > f_L <1 cos—p >dm = L

Note that if m = n =0 these integrals are equal to 2L and 0 respectively.
(b) We have ‘sind cos B = #{sin (A —B) +sin(A + B)}. Then by Problem 2.2, if m # =,

L
. m
£L8m Zm cosn—zgd = 2f { (rm — n)ﬂx-i-sin————-(m-i_Ln)’m}dx = 0
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24.

2.5.

If m=mn, L in 2,"’;”
J:_Lsmm—f—”cosﬂ%@-dw = 2f LA = 0

The results of parts (a) and (b) remain valid when the limits of integration —L, L are replaced
by ¢, ¢ + 2L respectively.

If the series A + 2 <an cos 2% L 2 4 basin Lx) converges uniformly to f() in (L, L),
show that for n = 1,2,3, e p

(@) @ = %j‘i f(x) cosﬁz—xdx, (b) ba = %j‘—L f(ax) sinz%@—_dx, () A= %-

< nre . naE
(@) Multiplying @) = A+ S (an cos 222 4 b, 5in ") @
n=1
by cosmgw and integrating from —L to L, using Problem 2.3, we have

i

L
A f cos mrz dx

w I

+ 3 {anf cos-—L—xcosm dz + b, f cos———sm%';—dx}
n=1 —L

anl if m#0 (2)

L
mad
JLL f(x) cos = dx

I

L
Thus @y = %f f(x) cosmzx if m=1,23,...
—L

(b) Multiplying (1) by sinmzx

L . Mmrx
fMLf(x) sin— d:

and integrating from —L to L, using Problem 2.3, we have

A f sm-—~— dx

i

© L
+ 3 {anf sm———cosm do + b, f sin 7% gin nzx dx}
n=1 -1 L
= me
Thus b, = %f o) sin ™2y if m=1,2,3,...
, —-L
(¢) Integration of (1) from —L to L, using Problem 2.2, gives
L ’ . L
f f@)de = 24L  or A = o= f f(z) dz
~L —-L
L a,
Putting m =0 in the result of part (a), we find ay = %f f(x)dx and so A = —2(3.
-L

The above results also hold when the integration limits —L, L are replaced by ¢, ¢+ 2L.

Note that in all parts above, interchange of summation and integration is valid because the
series is assumed to converge uniformly to f(x) in (—L,L). Even when this assumption is not
warranted, the coefficients a,, and b,, as obtained above are called Fourier coefficients corresponding
to f(x), and the corresponding series with these values of @, and b, is called the Fourier series
corresponding to f(x). An important problem in this case is to investigate conditions under which
this series actually converges to f(x). Sufficient conditions for this convergence are the Dirichlet
conditions established below in Problems 2.18-2.23.

(a) Find the Fourier coefficients corresponding to the function

f(x) 0 —5<u<0 Period 10
= eriod =
3 0<x<5
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(b) Write the corresponding Fourier series.
(¢) How should f(x) be defined at «=—5, =0 and z =5 inorder that the Fourier
series will converge to f(x) for —5=x =57
The graph of f(x) is shown in Fig. 2-6 below.
f (x)|

~=—-  Period -

’ - - —x_ - - -

' 3

t x
T - T L o T

-15 -10 -5 5

Fig. 2-6

(a) Period =2L =10 and L =5. Choose the interval ¢ to ¢+2L as —5 to 5, so that ¢ = —5.
Then

¢+ 2L 5
a, = %f fx) cosflzf— dr = %J : f(=) COS%% dx
. -
1 0 nrx rs nre _ 3 rs nrx
= ¢ {Ls (0) cos —= dx + J 3) cos = dx 5J, cos —= dx

= 0 if n#0

_ 3(5 jywm)]
I T

0

_ _ Onz 3 fs o
If n=0, a, = 0—5J s———dac—5“0 de = 3.
+2L 5
. nTX .1 Y i T
fc f(x) sin A de = 5;_5 f(x) sin== dx

0
{f (0) sin?% qp + f (3) sm——dx} — %f sm115—xdx

( 5 mrm) 5 3(1 — cos nwr)
—— 0§ —— —_
nr 5 0 nw

il

Gl ot

(b) The corresponding Fourier series is

% < T . 3_ < 3(1 — cos 'mr) X

3 + n§1 <an cos + b, sin L> = 3 1;21 poy ———-5
~ 3 8 e L 3w 1 Brx
= 5t <s1n5+3sm5 +5sm5 + >

(c) Since f(x) satisfies the Diricklet conditions, we can say that the series converges to f(x) at all
fx+0) + f(x—0)
2
which are points of discontinuity, the series converges to (3+0)/2 = 3/2, as seen from the

graph. The series will converge to f(x) for —b5 =2 =5 if we redefine f(x) as follows:

points of continuity and to at points of discontinuity. At x=—5, 0 and 5,

. 3/2 x = —b
0 b < <0
fl@y = 3/2 x=0 Period = 10
3 0<x<5bh
3/2 x=25

2.6. Expand f(x) =22, 0 <z <2, in a Fourier series if the period is 2.
The graph of f(x) with period 27 is shown in Fig. 2-7.
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flz)
/ / / /
/ / / //
/
// // . / 47* / /
Ve s/
! T - 0 = T T
—67 —47 —27 27 47 67
Fig. 2-7
Period = 2L = 27 and L= Choosing ¢ = 0, we have
_ 1 ¢+2L nre B 1 f?rr ,
@ = T J: f(x) cos T de = g 5 22 cos nx dx
. 2
_ o[ 8in nw cos nx —sin nz _ 4
7{( )< > (2x)<-——n > + 2(———-n3 )} . > n# 0
1 2
If n=0, g == fxzde .
1 (eTe . T . lf%z.
b, = I J; f(z) sin T de " = X 22 sin nx dx
= l{(aﬂ) <_Cos mc) (2 )< sin mc) + (2)<cos nw>} o —47
T n 0 n
4772 A7
Then flx) = 2 = g < 2cosmc——n—smnx> for 0 < z < 2.
. 1 1 1 T
2.7. Using the results of Problem 2.6, prove that F+ 5 + 32 + .. 5
At x =0 the Fourier series of Problem 2.6 reduces to T + 2 42
n=1 N

But by the Dirichlet conditions, the series converges at « =0 to 1(0+472) = 272,

Hence the desired result.

ODD AND EVEN FUNCTIONS. HALF-RANGE FOURIER SERIES

2.8. Classify each of the following functions according as they are even, odd, or neither

even nor odd.

(@) flx) = {

From Fig. 2-8 below it is seen that f(—x) =

2 0<e<3

Period = 6
-2 -3<x<0 etio

flx)

—f(z), so that the function is odd.
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cosr O0<z<~
= Period = 2«
(b) f(x) { 0 r<x<2nr

From Fig.2-9 below it is seen that the function is neither even nor odd.

f(x)
=~ 1 \ =~
\ N
N N x
= > ™ r 1 \\ =
-2 \\ - 0 \’ 2r \ 3
\ \
\N - ~ -~
Fig. 2-9
(¢) f(x)=x(10—2), 0<x<10, Period = 10.
From Fig. 2-10 below the function is seen to be even.
f(x)
RS
7 AN
/ N\
N / \ /
\ / \ 25 /
\ / \ /
N oy \ l /
v x
Y T Y
-10 0 5 10
Fig. 2-10

Show that an even function can have no sine terms in its Fourier expansion.
Method 1.

No sine terms appear if b,=0, n=1,2,8,. To show this, let us write

L L
b = 2 @™ Ea = f flo) sin 2 de + 1 [ f) sinSEar (0
L ~L L 0 L
If we make the transformation # = —u in the first integral on the right of (), we obtain
f f(x) sm— de = —l—fb f(—u) sin S —lfL f(—u) sin LG
L L L L), L
= —= f flw) sin T qu = -+ f f(x) smn—” dx (2)

where we have used the fact that for an even function f(—u) = f(u) and in the last step that the

dummy variable of integration u can be replaced by any other symbol, in particular . Thus from
(1), using (2), we have

= ‘*f f(x)Smmdx-l-Lf f(x)sm—dx =0

Method 2.
Assuming convergence ap o
_ % nra in 2T
fl) = 3 +n§1 <an cos—— + b, sin T >
@ 'y
Then - — nrx n ¥x
f(—2) 5 + n§1 <an cos b, T >

If f(x) is even, f(—x) = f(x). Hence

el

a0 . @ ®
?+ﬂ§1 <a,,cos 7+ b, mn—zﬁ> = -2—0+ El<a,,cosT— b, smn;x)
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< . MTx . _ % < nry
§1 b, sm~£— = 0, ie. fla) = - + ngl dy, cOS——

This method is weaker than Method 1 since convergence is assumed.

and so

and no sine terms appear.
In a similar manner we can show that an odd function has no cosine terms (or constant term)

in its Fourier expansion.

. : 2 - Nk
If f() is even, show that (@) o =7 f f(z) cos 5 dw, (b) ba=0.
. 0 .

L ) 0
(a) a, = %Iz F(x) cosn—;‘aﬁdm = —lﬂf—L f(x) cos%dm+ f f(x)cos———dx

Letting « = —u,

L - L
f o) eos"fEax = g -0 COS(—%L“>du = 1§ 70 cos"F  au

since by definition of an even function f(—u) = f(u). Then
mrx _ 2 L nry
a, = Lf Fu) cos 2% gy + Lf f(x) cos—— dx = Zfo f(x) cos—~ dx

(b) This follows by Method 1 of Problem 2.9.

Expand f(x) =sinz, 0 <2 <=, in a Fourier cosine series.

A Fourier series consisting of cosine terms alone is obtained only for an even function. Hence
we extend the definition of f(x) so that it becomes even (dashed part of Fig. 2-11), With this
extension, f(x) is defined in an interval of length 27. Taking the period as 2r, we have 2L = 27,

so that L = =,

f(x)
-7~ -~ -~
N e \ Ve - \ s - > \ Ve
N "4 \ ’ \ 7
\/ AV 2
T ] 0O 1 T
—2r - T 2r
Fig.2-11
By Problem 2.10, b, = 0 and
2 L nrx N
a, = L.Io f(x) cos T de = = J; sin & cos nx dx
ks ks

- = f {sin (x +nx) + sin(@—nx)}dr = 1) _cos(mt L + cos (n — 1)

wJo b3 n+1 n—1 0
_ 1 1—cos(n+1)7r+cos(n—1)n-—1 _ 1) 1+4cosnr 1+ cosnr

T n+1 n-—1 I n+1 n—1
_ —2(1 + cos nw) .
= —————Tr(nz_l) if n##1

krg 3 T
For n=1, a4 = Ef sinz cosx de = 2 sin?y = 0.
TJo s 2 0
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1+
Then f@) = %_;"22( nzcoslmr) <z

_ 2 4 coslx cos 4x cosbx |, .
T <22—1+42—1+62—1+ >

2.12. Expand f(x) =z, 0 <z <2, in a half-range (a) sine series, (b) cosine series.

(¢) Extend the definition of the given function to that of the odd function of period 4 shown in
Fig. 2-12 below. This is sometimes called the odd extension of f(x). Then 2L =4, L =2,

f(=)
Vg 7/
/7 / 7 /
/ 7 /
i 0 / x
T Vi T 7 T A T
-8 -4 -2, 2 . 6 /
Ve 7/ / /
/ / 7 /
Fig. 2-12
Thus a, =0 and
b, = EJ‘L f(x) sinmdx = g\jlzx sinmdx
" L), L 2y 2
_ —2 nre —4 . nrx 2 —4
= {(x)<n7 cos—2——> (1)<n2 7 sin 2 >} \ = o cos N
Then fl) = ; =4 cos nr sm’%ﬁ
_ 4o 1 2rw 1. Swa
= n_<sm D) 2 sin 5 4 3 sin ) >

(b) Extend the definition of f(x) to that of the even function of period 4 shown in Fig. 2-13 below.
This is the even extension of f(x). Then 2L =4, L = 2.

f(x)
7\ 7\ \ A
7 N\ /7 \ \ / N\
7 N\ s \ \ 7
AV N x
I ] { [7) T T T
-6 —4 -2 2 4 6
Fig.2-13
Thus b, = 0, ,
e = 7 f f(x) cos— de = %L x cos%—aﬁ dx

2

= {(x)(— sin &2’3> (1)(712#2 cos n?)}

= ;_gﬁ—z(cosmr—l) if n¥0

0

2
If n=0, a = fxdx=2.
0



CHAP. 2] ‘ FOURIER SERIES AND APPLICATIONS 33

= s _4 - nrw
Then fle) = 1+ n§1 m(cosnw 1) cos 5

- 8 [ eos™% 4+ L 0os3™® 4+ L og®m® 4 ...
= 1—;5<cos—-2—+32c052 +52cos 2 + >

It should be noted that although both series of (a) and (b) represent f(x) in the interval
0 < x < 2, the second series converges more rapidly.

PARSEVAL’S IDENTITY

2.13. Assuming that the Fourier series corresponding to f(z) converges uniformly to /()
in (L, L), prove Parseval’s identity
1t o
I t@yd = 3+ 3@+

where the integral is assumed to exist.

a e .
If flx) = ?0 + 21<an cos———nzw + b, sin——n}:w> , then multiplying by f(x) and integrating
—

term by term from —L to L (which is justified since the series is uniformly convergent), we obtain
L a L w L L
f {f(x)}2ds = -0 f f)dr + 3 <a, f F(@) cos ™% du + b, f f(@) sin e
—L . 2 J—~L n=1 - L _L _L

al ®
= 5L+ L3 (a+b) @)
n=1
where we have used the results

L ' L L
L @ coslzﬁ dz = La,, f L@ sinl”Z—”‘ dx = Lb,, f_L f(@)de = Lay (@)

obtained from the Fourier coefficients.

The required result follows on dividing both sides of () by L. Parseval’s identity is valid
under less restrictive conditions than imposed here. In Chapter 3 we shall discuss the significance
of Parseval’s identity in connection with generalizations of Fourier series known as orthonormal
series.

2.14. (a) Write Parseval’s identity corresponding to the Fourier series of Problem 2.12(b).

(b) Determine from (a) the sum S of the series —1—1;+—21—4+ -?% + o0+ —;—4 + ..,

(@) Here L=2; ag=2 a,= ;&—gﬁ(cosmr'-— 1), n#0; b, = 0.
Then Parseval’s identity becomes

2 2 0
3, vera = 3f, @a = B 3 Mcosne— 12

,,=1n47
B8l 1.1\ 111 g
or 3 2+rr4<14+34+54+ >, ie. F"l"éz’i'-éz’*“ "= 98¢
_Lt 1 (111 1,1, 1
()] S = 14+24+34+ = <F+§+§+"'> +<§Z+E+a+"'

1 1 1 1/1 1 1
<F+§+§+“)+54F+§+¥+“)

™ 8 . ot
96+16’ from which S_y()_
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2.15. Prove that for all positive integers M,

BrS@ew = £f ey

where a, and b, are the Fourier coefficients corresponding to f(x), and f() is assumed
piecewise continuous in (—L, L).

Qo M nrw . MTX :
Let Sylx) = > + ”gl <an cos—L— + b, sin T> (2)
- For M =1,2,8,... this is the sequence of partial sums of the Fourier series corresponding to f(z).
L
We have f {f(x) — Sy(z)}2dx = 0 (2)
-L

since the integrand is non-negative. Expanding the integrand, we obtain
L Lo L
2 [ wsuwaz - [ shwar = [ Gy @)
-L ~L _

Multiplying both sides of (1) by 2f(x) and integrating from —L to L, using equations (2) of
Problem 2.13, gives

n=1

L a% M y
2 fesu@ar = Lig+ 3 @h+od *
L
Also, squaring () and integrating from —L to L, using Problem 2.3, we find
Lo, @ M
f Spyr)yde = L<i—+ 3 (2+10b2) %)
—L i 2 n=1

Substitution of (4) and (5) into (3) and dividing by L yields the required result.

Taking the limit as M - ©, we obtain Bessel's inequality
2 L
g & 1 o
T3 @ s L verw (®)
n=1 —L

If the equality holds, we have Parseval’s identity (Problem 2.13).

We can think of Sy(«x) as representing an approximation to f(x), while the left hand side of
(2), divided by 2L, represents the mean square error of the approximation. Parseval’s identity
indicates that as M — » the mean square error approaches zero, while Bessel’s inequality indicates
the possibility that this mean square error does not approach zero.

The results are connected with the idea of completeness. If, for example, we were to leave
out one or more terms in a Fourier series (cos 4wx/L, say), we could never get the mean square error
to approach zero, no matter how many terms we took. We shall return to these ideas from a gen-
eralized viewpoint in Chapter 3.

INTEGRATION AND DIFFERENTIATION OF FOURIER SERIES
2.16. (e¢) Find a Fourier series for f(z)=22, 0<x <2, by integrating the series of
Problem 2.12(a). (b) Use (a) to evaluate the series > (Z1""",

- 2
() From Problem 2.12(a), nom
= 4 ginT® _Llgp2re 148
x = n_( sin 2sm 2 +3sm 2 > (1)
Integrating both sides from 0 to x (applying Theorem 2-5, page 24) and multiplying by 2,
we find
e 16 T 1 27 1 3ra

x2 = C—*§<COS?—"2'ECOST+§ECOS'—2—— > (2)

_ 16 1,1 1
where C = ;2-<1——23+§_Z2+ )
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(b) To determine C in another way, note that (2) represents the Fourier cosine series for x? in
0 <2 < 2. Then since L =2 in this case,

_ % _ 1*F _1(? L, _ 4
C—?—Ij;f(x)dx—zj;xdx—g

Then from the value of C in (a), we have

s =
n=1

n

ot o, 1 1 1, _ 4 7
s~ — 11—t -t 16 3

2.17. Show that term by term differentiation of the series in Problem 2.12(a) is not valid.

. ] 2 3
Term by term differentiation yields 2<cos772—x - cos—;—% 4 cosfg—@-

of this series does not approach 0, the series does not converge for any value of x.

- > Since the nth term

CONVERGENCE OF FOURIER SERIES

. 1
2.18. Prove that (a) 1 +cost +cos2f + --- + cos Mt = sin (M + §)t

2 2sinit
1 7sin (M + 4)t 1 1 % sin(M+$)t 1
- T a . 1z = = - T s 112 dt - o ¢
(b) T j; 2 sin 4t dt 2’ f 2 sin 4t 2
(@) We have cosntsin§t = {{sin(n+ §)t —sin (n— {)}t}. Then summing from n=1 to M,
sin ft{cos t+-cos2¢+ -+ +cos Mt} = (sin§t—sinlt) + (sin§t—sindy)
+ oo 4 [sin(M A+ Dt — sin (M - 3)¢]

= ${sin (M + §)t — sin }t}
On dividing by sin {¢ and adding 4, the required result follows.

(b) Integrate the result in (a) from 0 to = and —= to 0 respectively. This gives the required
results, since the integrals of all the cosine terms are zero.

219. Prove that lim { f(x) sinnzdzx = lim " f(x) cosnxdxr = 0 if f(x) is piecewise
continuous. "~ nee

—ar -

2
a el
This follows at once from Problem 2.15, since if the series ?0+ S (a2 +b2) is convergent,
lim a, = lim b, = 0. n=1
n=r o ne=rco

The result is sometimes called Riemann’s theorem.

2.20. Prove that b}im f " f(x)ysin(M +3})xzder = 0 if f(x) is piecewise continuous.
We have o

j‘j f(x) sin (M + %)x dx = fj {f(x) sin §x} cos Mx dx + er {f(x) cos L} sin Mx dx

Then the required result follows at once by using the result of Problem 2.19, with f(x) replaced by
f(x) sin 42 and f(x) cos 4, respectively, which are piecewise continuous if f(z) is.

The result can also be proved when the integration limits are a and b instead of —» and .

2.21. Assuming that L =, i.e. that the Fourier series corresponding to f(x) has period
2L = 27, show that
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a = sm sin (M + 3)¢
] i = = t
Sylr) = 5+ ngl (@n cOs nx + ba sin n2) f fE+2) gy ~Ssnit
Using the formulas for the Fourier coefficients with L = #, we have
1" 17 .
a, cosnx + b, sinnxy = <—f f(u) cos nu du> cos nx + <;f f(u) sin nu du |sin nx
TJ —x -

v
=1 f f(u)(cos nu cos nax + sinnu sin nx) du
TJ -7

= %fﬂ f(u) cos n(u — x) du

Al 2= T iwa
80, 2~ ).,
ap M
Then Sulx) = 5 + E (a, cosnx + b, sinnx)
=1

= 1 f f(u) du + = f f(u) cos n(u — x) du

= lf f(u){ + Ecosn(u-x)}

_ 1f f()sm(M+l)(u—x)

2 sin {(u — «) u

using Problem 2.18. Letting u —x = ¢, we have
1 (7 sin (M + £)t
Sul@) = ;Lr_zf( 0 g e @
Since the integrand has period 27, we can replace the interval —7 —«, 7 — 2 by any other
interval of length 27, in particular —», ». Thus we obtain the required result.

2.22. Prove that

S, (x) — <f(x+0)+

5 )sin (M+Htdt

f(x—O)) _ 1" ft+a)—fa—0

P - 2 sinit

17 ft+x)— fx+0)
2 sin 4t

sin (M + 3)tdt
From Problem 2.21,

0 1 -+
Suw) = 1 f<t+x)5”‘2—(—%)t at + 1f fe+ )&’;“f—dt @

Multiplying the integrals of Problem 2.18(b) by f(x —0) and f(x + 0) respectively,

+0) + flo — M+ Pt +3)t
f )2f(9° 0 _ 1f flo— )Sm ——dt+1f f + )S";(m%f) at. (@

sin 1¢
Subtracting (2) from (1) yields the required result.

2.23. If f(x) and f’(x) are piecewise continuous in (—=, ), prove that
f(x+0) + f(x— 0)

lim S,,() 2
The function f%(tx+o) is piecewise continuous in 0 <t =7 because f(x) is piecewise
continuous.
Also,
- — 1t —
lim [0ED —f@t0) St —f@t0) 3 fatt) = f@+0)

t=0+ 2 sin 4t tmr 0+ t sindt T .04 t
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exists, since by hypothesis f/(x) is piecewise continuous, so that the right-hand derivative of f(x) at
each x exists.

f(t+x) — flxa+0) . '

Thus 2 sm % n is piecewise continuous in 0 =t = 7.
.. f(t+x) — f(x —0) L =t=0.
Similarly, T aenit % n is piecewise continuous in —7 =
Then from Problems 2.20 and 2.22, we have
— +0)+ f(x—0
o {SM(W) P CRES (G 0)} — 0 o lim S = [ETOES=0
M= w0 -+ 0

DOUBLE FOURIER SERIES

2.24. Obtain formally the Fourier coefﬁc1ents (15), page 24, for the double Fourier sine
series (14).

Suppose that fm,y) = 3 3 B,,sinZZinY (1)
m=1 n=1 L, Ly
We can write this as w J—
fx,y) = 3 Cpsing- @)
m=1 Ll
where Cm = 3 Bp,sinZ¥ (8)
n=1 L2

Now we can consider (2) as a Fourier series in which y is kept constant so that the Fourier
coefficients C,, are given by
2 Ly Mar &
Cn = +— x,y) sin dx
m Ll A flz, ) L1 4)

On noting that C,, is a function of y, we see that (8) can be considered as a Fourier series for
which the coefficients B,,, are given by

2 (2, . w
Bun = L) Cu smLL;’ dy (5)
If we now use (4) in (§), we see that
4 Ly L
Bpn = Llej; j; f(x,y) sin 22Z I, sin2¥ L Y dx dy (6)

APPLICATIONS TO HEAT CONDUCTION

2.25. Find the temperature of the bar in Problem 1.23, page 15, if the initial temperature
is 25°C. .

This problem is identical with Problem 1.23, except that to satisfy the initial condition
u(x,0) = 25 it is necessary to superimpose an mﬁmte number of solutions, i.e. we must replace
equation (1) of that problem by

w(@,t) = 3 Bpe2m'rit/9 gin I
. m=1 3
which for ¢ = 0 yields
25 = 23 sm’% 0<z<3

This amounts to expanding 25 in a Fourier sine geries. By the methods of this chapter we then

find
Bn = Lf f@) sin ™ 4y = f 25 sin77% gy = DUL= cosmn)
mmr
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The result can be written

S < 50(1 — cos mm) - 2nn2t/9 gy MY

sin ——
m=1 mn 3

-~ 100 Ie--»2n2t/9 sin ™% 4+ L o e + - }
T L 3 3
which can be verified as the required solution.

This problem illustrates the importance of Fourier series in solving boundary value problems.

2.26. Solve the boundary value problem
ou _ 262_u

e 5 u(0,0) = 10, w(@,t) = 40, u(z,0) = 25, |uz,t)] < M

This is the same as Problem 1.23, page 15, except that the ends of the bar are at tempera-
tures 10°C and 40°C instead of 0°C. As far as the solution goes, this makes quite a difference
since we can no longer conclude that A =0 and A = m=#/3 as in that problem.

To solve the present problem assume that wu(x,t) = v(x,t) + ¢(x) where y(x) is to be suitably
determined. In terms of v(x,t) the boundary value problem becomes

2
%’% = 2%032+ 207(@), v(0,8) +¢(0) = 10, v(3, 8 + ¢(3) = 40, v(x, 0) + p(@) = 25, |v(x, 1) <M
This can be simplified by choosing

¢'(@) = 0, ¢(0) = 10, ¢(3) = 40
from which we find ¢(x) = 10x 4+ 10, so that the resulting boundary value problem is

v _ 50%

=205, w0,H) =0, w30 =0, v0) = 15610

As in Problem 1.23 we find from the first three of these,

0
/u(x, t) = 2 Bme'*Zmzfrzt/Q sinm*n-x
m=1 3
The last condition yields
15— 10x = S B,, sin 222
- m=1 3
from which 3
2 f _ . MTX _ 30
B, 3o (15 — 10z) sin 3 de = prom (cos mmr — 1)
Since u(x, £) = v(x, £) + ¢(x), we have finally
! 0
w(x,t) = 102 + 10 + 3 -—39-(cos Mz — 1)e~2m*n?t/9 gipn 1L
m=1 mmr

as the required solution.

The term 10x + 10 is the steady-state temperature, i.e. the temperature after a long time has
elapsed.

2.27. A bar of length L whose entire surface is insulated including its ends at =0 and
x =L has initial temperature f(x). Determine the subsequent temperature of the bar.

In this case, the boundary value problem is

o o
at a2 @

Clue, )] <M, wu0,8) = 0, wuL,t) =0, w0 = f@) (@)
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2.28.

Letting » = XT in (I) and separating the variables, we find

TI ) XII

S X1 : «X"T or TS X

Setting each side equal to the constant —)2, we find
T+ kT = 0, X'+ NX =0
so that o X = acosix+ b sinia, T = ce— "\
‘A solution is thus given by

u(%, ‘t) = g=m\% (4 cos Az + B sin Ax)

where A = qc¢, B = be.
From u,(0,t) = 0 we have B =0 so that
u(x, t) = AQ""»Z‘ cos A%

Then from wu,(L,t) =0 we have

‘

sinA\L = 0 or AL = max, m=0,1,2,8, ...
Thus ‘ w(w,t) = Aexm*n*/I? cog m;x : m=0,1,2,...
4

To satisfy the last condition, u(x,0) = f(x), we use the superposition principle to obtain-
>_ AO < — ka2t /L2 Mz
w,t) = —+ N Ape« cos8 ——~
/ 2 m=1 L
‘Then from wu(x,0) = f(x) we see f;hat
. M .
fl) = zo + 3 Ame—-szﬁzt/L2 cos BTt )
2 m=1 L
Thus, from Fourier series we find

xdx

Il

e

Ap

3
s

L

f f(z) cos

\ . B
and w(x,t) = % f flx) doe + e—km*m*t/L* cog mmc) f f(x) cos Tz dx

Nt M

A circular plate of unit radius, whose faces are
insulated, has half of its boundary kept at constant
temperature #: and the other half at constant tem-
perature u: (see Fig. 2-14). Find the steady-state
temperature of the plate.

In polar coordinates (p, ¢) the partial differential equa-
tion for steady-state heat flow is

Pu | 1ou , 1 8%

3p2 ;5;; 23¢2 =0 ’ @)

Fig.2-14
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The boundary conditions are
u 0<o<~ @
1 = 2
u( ’ ¢) Uo T < ) < 21'1'

|ulp, )| < M, 1i.e. u is bounded in the region (3)
Let u(p,¢) = P® where P is a function of p and ¢ is a function of ¢. Then (1) becomés
17 1 13 1 7 —
P'¢ + =P'¢ + S P = 0
P %

Dividing by P&, multiplying by o2 and rearranging terms,

2prt P’ P’
L [ L.
P tp 3
Setting each side equal to A2,
¢+ A2 = 0 p2P" + pP' — NP = 0 )

The first equation in (4) has general solution
¢ = A;cosigp + B;sinig

By letting P = ok in the second equation of (4), which is a Cauchy or Euler differential equation,
we find &k = =)\; so that p*» and p—> are solutions. Thus we obtain the general solution

P = Az + By ®)
Since u(p, ) must have period 27 in ¢, we must have A=m =0,1,2,3,... .
Also, since ¥ must be bounded at p =0, we must have B, = 0. Thus

u = P = Aspm(A, cosmg + Bysinmg) = pm(A cosmg + B sinmg)

By superposition, a solution is

Ao X,
upy¢) = 5+ 3 o™Ay cosmeg + By, sinmg)
m=1
from which w1, ¢) = 7" + 3 (A, cosmg + B,, sinmg)
m=1

Then from the theory of Fourier series,

1 2T
A, = ;J; u(1, ¢) cos me do

1 J‘” ds + 1 (% 4 Q if m>0
= = Uy COS - =
rJy 1 mead T f,,. Yz cOS MY P Uy tuy if m=0

1 2T
B, = ;f u(1, ¢) sin me do
0

1 (" : 1 (% ) Uy — U
= 7 f u; sinmg d¢ + —f up sinmg dp = (11 = up) 1 = cosmx)
0 T : mnr
uy + Uy & (u; — uy)(1 — cos mn)
Then: u(p, = + .
(o, ¢) ) m§1 po o™ sin me
up tuy 2wy —uy) . .
= 2 + - (o sing + 4o sin3¢ + 1p5sinbp + ---)
Uptuy | ouy —u 25 sin ¢
= —1(:
2 + . tan 1= pz

on making use of Problem 2.54.



CHAP. 2] " FOURIER SERIES AND APPLICATIONS 4

2.29. A square plate with sides of unit length has its
faces insulated and its sides kept at 0°C. If the
initial temperature is specified, determine the sub-
sequent temperature at any point of the plate.

Choose a coordinate system as shown in-: Fig. 2-15.
Then the equation for the temperature u(x, ¥, t)  at any
point (x, ) at time £ is

R x<§§§ + ‘%;) (1)
- The boﬁndary conditions are given by
(e, v, 8] < M
w0, 5,8 = ull,y,t) = ue,0,8) = ulw,1,8) = 0
we, y,0) = flx,y)
where 0< <1, 0<y<1, t>0. " TFig.2-15

To solve the boundary value problem let w=XY T where X Y T are functions of ‘x, y, t re-
spectively. Then (1) becomes

XYT = «oX'YT+XY"T)
Dividing by xXYT yields ’ '
«T ~ X Y

Since the left side is a function of ¢ alone, while the right side is a function of .« and y, we see
that each side'must be a constant, say —A? (which is needed for boundedness). - Thus-

XII YII
LT = LoD = a2 :
T 4 2T 0 X + 7 N 2)
The second equation can be written as :
.le _ YII
i

and since the left side depends only on « while the right side depends only on y each side must
be a constant, say -2  Thus

X4 2K = 0 Y =AY = 0 @
Solutions to the two equations in (8) and the first equation in (2), are given by :
L X = ay co‘s px +bysinpr, Y = aycos V2 2y by sin my, T = a3e"'<>j2t
It follows that a solution to (1) i/s given by
k u(ew,y,t) = (ay cos px + by sin px)(a, cos VN = 2y 4+ by sin \/X“ZTLEy')(a;,\e“KVt) :

From the boundary condition u(0,y,t) = 0- we see that a, = 0. From u(q:, 0,t) =0 we see that
a, = 0. Thus the solution satisfying theqe two conditions is-

w(#®, 4, §) = Bem 0 gin ux sin VA — 2y

where we have written B = b,b,04.

From' the boundary. condition w(l,7,%) = 0 we see that p = mz, m = 1,2;8,.... From

w(x,1,8) = 0 we see that VN2 — 2 =nr, n=1,2,8,..., or A= Vm2+anqg.

e

It follows that a solution satisfying all the conditions excepf u(z, y,0) = f(x, %) is given by

IS T 1O TR .
u(x,y, t) = Be xkm +nI)T sin mzx sin nry

/



49 \' 7  FOURIER SERIES AND APPLICATIONS - [CHAP.2

Now, by the superposition theorem we can arrive at the possible solution

u(, 9, 1) = mzl nz anenk(m 07 sin mrw sin nay v : %)

. Letting ¢ =0 and using the condition wu(x,y,0) = f(x, y), we arrive at
. o0 0
f@,y) = 2 3 B, sinmaz sinnry
m=1 n=1 :
As in Problem 2.24 we then find that
‘ 1 1 .
B,, = 4 J‘; J(; f(z,y) sin mzx sin nay do dy — %)

Thus the formal solution to our problem is given by (4), where the B,,, are determined from (5).

LAPLACE’S EQUATION

2. 30 Suppose that the square plate of Problem 2.29 has
three sides kept at temperature zero, while the
fourth side is kept at temperature #:. Determine

- the steady-state temperature everywhere in the
plate :
Choose the side having temperature u; to be the one
where y =1, as shown in Fig. 2-16. Since we wish the
steady-state temperature «, which does not depend on time ¢,
the equation is obtained from () of Problem 2.29 by setting
ou/ot = 0; i.e. Laplace’s equation in two dimensiens:
P u
ox2 6y2

0 _ @

The boundary conditions are
w0,y) = w(l,y) = wx,0) = 0, ulx,1) = u o Fig. 2-16
and |u(x,y) < M. ‘

To solve this boundary value problem let » = XY in (1) to obtain
XII rYII N

- X T 7Y

XY+ XY = 0 or

Setting each side equal to,—A2 yields
X"+ 22X =

l .
=)

Y" - NY = 0

from which ’ -
X = aycosir + b;sinix Y = wascoshiy + b, sinhry

Then a possible solution is
uw(®,y) = (a; cos Az + by sin Az){ag cosh Ay + by sinh YY)

From u(0,y) =0 we find a; =0. From u(@,0) =0 we find a;=0. From u(l,y)= 0 we find
A=mr, m=1,2,8, . Thus a solutlon satisfying all these COIld]tIOIlS is

u(z,¥) = B sinmrx sinh mry

‘To satisfy the last condition, u(ac 1) = uy, we must first use the principle of superposition to obtain -
the solution :

Ld . N
culw,y) = mE_I'Bm sin mra sinh mwy . (@)
Then from u(x, 1).‘—'—— u; we must have

-]
w = 21 (B, sinh mz) sin mra
—
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Thué, using the theory  of Fourier series, B
' 2u,(1 — cos mr)

St
inh = 2 uy sin mrx - =
By, sinh mz , " P

2u1(1 — cos mr)
mr sinh mar

®)

from which B,

From (2) and (3) we obtain .

2u; Q 1—cosmr . .
u(x, y) = — - ——————— sinmzrx sinh mry
7 m=1 m sinh mzx

Note that this is a Dirichlet p?oblem since we are solving Laplace s equation V2u = 0 for u
inside a region R when u is specified on the boundary of R.

2.31. If the square plate of Problem 2.29 has its sides gy
kept at constant temperatures wi, us, us, 44, respec-
tively, show how to determine the steady-state tem-
perature. » . (0,1)

U (1’ 1)

The temperatures at which the sides are kept are indi-
cated in Fig. 2-17. The fact that most of these tempera- Uy
tures are nonzero makes for the same type of difficulty ’
considered in Problem 2.26. To overcome this difficulty we
break the problem up into four problems of the type. of
Problem 2.30, where three of the four sides have tempera- (0, 0)
ture zero, We .can then show that the solution to the given .
problem is the sum of solutions to the problems indicated
by Figs. 2-18 to 2-21 below.

0

Fig. 2-18 ’ Fig. 2-19 Fig. 2-20 Fig. 2-21

The details are left to Problem 2.57 which provides a generahzatlon to the case where the 51de
temperatures may vary.

APPLICATIONS TO VIBRATING STRINGS AND MEMBRANES

232 A string of length L is stretched between
points (0,0) and (L,0) on the z-axis. At Y
time t=0 it has a shape given by f(x), ‘
0<z <L, and it is released from rest.
Find -the dlsplacement of the string at any

later time. P Yo, 8 T o L

- The equation of the vibrating string is _ : ® . T

' %y _ 3% ) _ : ,
at2—a'5ﬁ 0<x<L,t>0 . i » i . ) ’

where y(x,t) = displacement from z-axis-at time ¢ o
.(Fig. 2-22). - : ‘ Fig. 2-22
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Since the ends of the string are fixed at x =0 and « =L,
y(0,t) = y(L,t) = 0 t>0
Since the initial shape of the string is given by f(x),
y(x,0) = f(x) 0<xz<L

Since the initial velocity of the string is zero,

Ye(2,0) = 0 0<z<L
To solve this boundary value problem, let ¥y = XT as usual.

Then . XT" = @X"T  or T/aT = X"/X

. Calling the separation constant —A2, we have

T" 4+ A\2a2T = 0 X"4+N2X =0
and T = A;sinXat + B, cosAat X = A,sinix + B,cosAx
A solution is thus given by
y(x,t) = XT = (Aysin e + B, cos M\r)(A4; sin Aat + B, cos \at)
From y(0,t) =0, Ay, = 0. Then
y(®,t) = B, sinAx(A, sin\at 4 B; cosAat) = sinAz(A4 sinAat + B cos Aat) -

From y(L,t) =0, we have sin AL(A sinXat + B cosAat) = 0, so that sin\L = 0, AL = mr or
A = mz/L, since the second factor must not be equal to zero. Now,

yi(x,t) = sin A\x(ANe cos Aat — Ba sin \at)
and y(x, 0) = (sin \)(Ara) = 0, from which A = 0. Thus

_ . M mrat
y(x,t) = B sin—— cos ——

To satisfy the condition y(x,0) = f(x), it will be necessary to superpose solutions. This yields

y@,t) = 3 B, sin 2% cos b
m=1 L . L

Then Yy, 0 = fl@) = 21 B,, sin "_”1_7”5_
m= v

and from the theory of Fourier series,
_ 2 L .. mrx
B, = I J:) f(x) sin I dx

The final result is

< 2 . Mz . mwx mrat
ylx,t) = m§1 <LJ; f(a) sin—¢ dx> sin =7~ cos—-

which can be verified as the solution.

The terms in this series represent the natural or normal modes of vibration. The frequency of
mral

L

R A 1L

Since all the frequencies are integer multiples of the lowest frequency f;, the vibrations of the
string will yield a musical tone, as in the case of a violin or piano string, The first three normal
modes are illustrated in Fig. 2-23. As time increases the shapes of these modes vary from curves
shown solid to curves shown dashed and then back again, the time for a complete cycle being the

the mth normal mode f,, is obtained from the term involving cos and is given By
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Y Yy Yy
L L 2L
2 - 3 - 3
L =z ZTONL @ /‘ \f\vL x
O \\\\_—”// O \\—_///\./ . O \\~//U\\‘/I

(®) | G
Fig. 2-23

period and the reciprocal of this period being the frequency. We call the mode (a) the fundamental
mode or first harmonic, while (b) and (c) are called the second and third harmomc (or first and
'second overtone), respectlvely

A square drumhead or membrane has edges which : y\
are fixed and of unit length. If the drumhead is '
given an initial transverse displacement and then

Assume g coordinate system as in Fig. 2-24 and sup-
pose that the transverse displacement from the equilibrium
position (i.e. the perpendicular distance from the xy-plane)
of any point (x,y) at time ¢ is given by z(x, y,?).

Then the equation for the transverse motion is

02z e 82z 822 (0: 0) (1’0)
iz — Nt ap) @

where a2 =7/u, the quantity = being the tension per unit

length along any line drawn in the drumhead, and p is the

mass per unit area. Fig 2-24

Assuming the initial transverse dlsplacement to be f(x y) and the initial velocity to be. zero,
we have the conditions i

20,0,8) = 2Ly, t) = 2(x,0,8) = z(e,1,) = 0,
22,y,0) = fl@,y), #(xy,0) = 0

where we have in addition expressed the condition. for boundedness and the conditions that the edges
do not move.

le(x,y,t)] < M,

To solve the boundary value problem we let .z = XYT in (1) where X, Y T are functions of .
%, ¥, and t respectively. Then, proceedmg as in Problem 2.29, we find
TII X'II YII )
T - x ¥

S

and we are led exactly as in Problem 2.29 to the equation
ST NeT = 0, X7+ 2X = 0 Y 4 (3= 2)Y =
Solutions of these equations are k

X =

Y = achS\/)\2—,u Y+ bzsmv}\z—u ¥

az cos hat + by sin )\at

ay cos px 4+ by sinuz,

T =

[}

A solution of (1) is thus given by

22,9, t) = (a1 cos pxw + by sin ux)(ay cos VA2 = g2y + by sin VA2 — 12 ) (a3 cos Aat + by sin Aat)
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From z(0,y,t)=0 we find a; =0. From 2z(x,0,t) =0 we find a; =0. From 2(2,¥,0) = 0
we find by = 0. Thus the solution satisfying these conditions (and the boundedness condition) is

2(x,y,t) = B sin px sin VA2 — u?y cos hat

From z(1,y,t) =0 we see that p=ms, m=1,2,3,.... From =z(x1,t) =0 we see that

VR @Z=ur, n=1,23,..., ie. \=Vm2+tn?n.
Thus a solution satisfying all conditions but z(x,y,0) = f(x,y) is given by
2(x,y,t) = B sinmax sin nzy cos mmﬂ
By the superposition theorem we can arrive at the possible solution

0 0
20w, y,t) = 21 21 B,,,, sin mr sin nry cos Vm® + n? rat 2)
m=1 n=

Then, letting ¢t =0 and using z(x,y, 0) = f(z,y), we arrive at
fle,y) = X X B, sinmzw sin nry
m=1 n=1
from which we are led as in Problem 2.24 to
1 p1
B,, = 4 f f f(x, ¥) sin mzx sin nry dz dy (3)
o Jo

Thus the formal solution to our problem is given by (2), where the coefficients B,,, are determined
from (3).

In this problem the natural modes have frequencies f,, given by 2zfy, = Vm?+n27a, ie.
1
fon = VAT [T %)
The lowest mode, m =0, n =1 or m =1, » =0, has frequency 1Vr/u. The next higher one
has m =1, n =1 with frequency 1V 2r/y, which is not an integer multiple of the lowest (i.e. fun-

damental) frequency. Similarly, higher modes do not in general have frequencies which are
integer multiples of the fundamental frequency. In such case we do not get music.

Supplementary Problems

FOURIER SERIES

2.34.

2.35.

2.36.

Graph each of the following functions and find its corresponding Fourier series, using properties
of even and odd functions wherever applicable. '

8 0<ae<2 P ~x —-4Z2x=0
_ iod 4 _ .
(@) f(x) 8 9<x<d eriod b))  f(x) x o=m=4 Period 8
() f(x) dr, 0 <2z < 10 Period 10 d 2 0=x=3
c x)y = dJdux, , - .
x erio d) f(x) 0 << Period 6

In each part of Problem 2.34, tell where the discontinuities of f(x) are located and to what value
the series converges at these discontinuities.

Expand f(x) = in a Fourier series of period 8.

2—x 0<x<4
r—6 4<x<8
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237. (a) Expand f(x) =cosxz, 0 <z <, in a Fourier sine series.

(b) How should f(x) be defined at « =0 and « =7 so that the series will converge to f(x) for

0=x =77

238. (a) Expand in a Fourier series f(z) = cos®, 0 < x <, if the period is #; and (b) compare with
the result of Problem 2.37, explaining the similarities and differences if any.

x 0<x<4

in a series of (a) sines, (b) cosines.
8—2a2 4<z<8 (@) » (0

239. Expand f(x) = {

2.40. Prove that for 0 = x = 7,

2 cos2x |, cosdx | cos6bx
6 <12+22+32+ )

(@) ar—2a) =

_ 8{sinx | sin3x , sinbz
O xFz—2x) = ;< 5 + 3 + 53 +>

241. Use Problem 2.40 to show that

s 1 _7 $ (Lt a2 S (L=t a3

(@) ngl n2 6 ®) El n2 12’ @ ,,21 (2n—1)3 ~ 32°
1,1 1 1,1, 1 _ 33V/2
242. Show that F+§§——5§_ﬁ+§+‘1—i§— - 128 °

INTEGRATION AND DIFFERENTIATION OF FOURIER SERIES
2.43. (a) Show that for —7 < x <,

_ sinz _ sin2x sin8x |
x = 2< 1 5 + 3 >

(b) By integrating the result of (@), show that for —7z =2 = 7,
72 cos « cos 2x cos 3z
3 4< 12 2 g >

22

(¢) By integrating the result of (b), show that for —r =z = 7,

sin « sin 2z sin3x
18 93 33

e(r—x)(r+x) = 12< - +

(d) Show that the series on the right in parts (b) and (¢) converge uniformly to the functions on
the left.

244. (a) Show that for —7 <z <7,

- 1 2 inoy — 3 4 —.
xreosx = 2smac + 2<1.3sm2x 2.4sm3ac + 3.5sm4x >

(b) Use (a) to show that for —7 =z = 7,

. _ 1 _ cos2x _ cos3x | cosdx .
zsine = 1 g coS 2<1.3 o4 + 3.5 )

245. By differentiating the result of Problem 2.44(b), prove that for 0 <z = ,

T 4 cosx cos 3z cos bz
2 7r<12 Tt +)

X =

"PARSEVAL’S IDENTITY
246. By using Problem 2.40 and Parseval’s identity, show that

S 1L_~ $ 1 _
@ 2= 9 O T
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247.

2.48.

2.49.
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1 1 1 _ #2—8 )
Show that 12.32 + 2.5 + 5.2 + e = TR [Hint. Use Problem 2.11.]
< 1 _ ot < 1 _ 78
Show that (&) 2 57y = 95 ® 2 Gr=1% = 960"
1 472 — 39
Show that LS S 4o = 22

12+922.32 ' 22032042 ' 382442452 - 16

SOLUTIONS USING FOURIER SERIES

2.50.

2.51.

2.52.

2.53.

2.54.

2.55.

2.56.

257,

(@) Solve the boundary value problem

du 2u
57 2(,’302 (0, t) u(4, t) 0 u(zx, 0) 2z

where 0 < x <4, t>0.

(b) Interpret physically the boundary value problem in (a).

(@) Show that the solution of the boundary value problem

du _ u

3t = aar (0t = wymt) = 0 wx,0) = flx)

where 0 < x <7, t >0, is given by

T m=1

w(x,t) = %J;ﬂ f(x)dx + 2 i e~ ™’ cos mx J;"f(m) cos mx dx

(b) Interpret physically the boundary value problem in (a).

Find the steady-state temperature in a bar whose ends are located at x =0 and x = 10, if these
ends are kept at 150°C and 100°C respectively.

A circular plate of unit radius (see Fig. 2-14, page 39) whose faces are insulated has its boundary
kept at temperature 120 + 60 cos 2¢. Find the steady-state temperature of the plate.

’

Show that psing + 4p3sin8¢ + LpSsinbp + --- = tan‘1<21pi—_mpz¢>

and thus complete Problem 2.28.

A string 2 ft long is stretched between two fixed points =0 and x = 2. If the displacement
of the string from the x-axis at ¢t =0 is given by f(») = 0.08x(2—x) and if the initial velocity
is zero, find the displacement at any later time.

A square plate of side a has one side maintained at temperature f(x) and the others at zero, as
indicated in Fig. 2-25. Show that the steady-state temperature at any point of the plate is
given by

w(z,y) = 2 m f f(zx) sm— dw] sin ka smh a

Work Problem 2.56 if the sides are maintained at temperatures f,(x), g,(¥), fo(x), 92(¥), respectwely
[Hint. Use the principle of superposition and the result of Problem 2. 56.]
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f()

Fig. 2-25 ‘ : - Fig. 2-26

258. ~ An infinitely long plate of width & (indicated by the shaded region of Fig. 2-26) has its two
parallel sides maintained at temperature 0 and its other side at constant temperature u,. (a) Show
that the steady-state temperature is given by :

4”() 7L 1 ’ 3w ' 1 brx
— _ - in — —e—3y ZEY A TS5y eSS I
u(x, y) - <e Y gin 2 + 3¢ sin o + 5¢ sin PRt
(6) Use Problem 2.54 to show that
’ 2uy sin (r2/a)
= _— —1 ) == A
e y) T tan [ sinhy

2.59. Solve Problem 1.26if the string has its ends fixed at = = 0 and x = L and if its 1n1t1a1 dlsplace-
ment and velocity are given by f(x) and g(x) respectlvely

2.60. A square plate (Fig. 2- 27) having sides of unit length has B Y
its edges fixed in the acy -plane and is .set 1nto transverse
vibration. . ) 0,1

(¢) Show that the transver"se displacement z(zx, y, t) of any -
point (x,y) at time ¢ is given by '

@ (P
e T Y\ae ay2

where a2 is a constant.

(b) Show that if the plate is given an 1n1t1a1 shape f(x,y) 0 © L0
and released with veloc1ty g(x,y), then the dlsplacement . S
is given by . | - Fig.2-27 " -
k 2, y,8) = 2 2 [4 i, €08 At -l— By sin Ap0t] sin mrz sin nry
m=1 n=1 ) .
“where T Ap, = 4 f f f(z, y) sinmyz sin nzy dz dy
0o Jo
B e i iy o d
in o J; j; q(x,y) sin mre sin nry do dy

and A, = aVm2 + w2 o
2.61. W()rk Problem 2.60 for a rectangular plate of sides b and c.

262. Prove that the result for wu(x, t) obtained in Problem 2.25 actually satlsﬁes the partial differential -
-equation and the boundary conditions.

- 263. . Solve the boundary valie «pr"oblem

Lo
ot 9x2

1 w®0,8) = wui L) = uy  ule,0) =
" where a and L:are constants and 1nterpret physically.

—@u | 0<z<L t>0
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2.65.

2.66.

2.67.

2.68.

2.69.

2.70,

271

2.72.

FOURIER - SERIES AND APPLICATIONS » [CHAP. 2

‘Work Problem 2.63 if u(x,0) = f(w).'

Solve and interpret physically the boundgry value problem
' i RN i

Qt2 ) aw4.: 0

where 9(0,£) = 0, y(L, &) = 0, y(x,0) = f(@), ye(z,0) =0, Yaal0,8) = 0, yoo(L, %) = 0, |y(e, t)v! < M-

Work Problem 2.65 if yy(x, 0).= g(x).

A .plate is bounded by two concentric circles of radius
o and b, as shown in Fig. 2-28. The faces are insulated
and the boundaries are kept at temperatures f(¢) and g(9)
respectively, Show that the steady-state temperature at
any point (r, 6) is given by '

N 0 ’ ) Bn
w(r,0) = Ay + Bylnr + ngl An +7«:T cos 1o

Dn . ‘ \
-+ C,,r"'-i— pr sin no

where A, and B are determined from

. 1 2T ‘ :
Ay + Bylnae = —é—ﬂ-_J; f(o)c;o ‘

1 2 . . .
Ay + Bylnb = — f g(6) de : Fig. 2-28
.. 277- 0 E ) . !
A, B, are determined from
) . 1 (% - ' 1 27 :
A, e" + Ba™m = —f 7(8) cosneé de, Abr + Bbmn = o f " g(6) cosno do
TS0 . 0

~and C,, D, are determined from

27 ' on .
C,an + Dya—n = %f f(6) sinmé do,  C,bn + Dypn = L f " g(6) sinne de
(i} TJo

Investigate the limiting casesvof Problem 2.67 as (a) a—> 0, (b) b-> », and give physical inter-

" pretations.

(@) Solve the boundary value problem

du . u

= —_— —YT
T Kawz + Be‘

wherg #(0,%) =0, w(L, ) =0, u(ac,kO) = f(x), |ulz, t)l <M, and (b) give a physical interpretation.

‘Work Problem 2.69 if ,Be”'W is replaced by ugy sin e, where %, and « are constants.

. g2 - 52 , : ' : ‘ '
Solve’ &Y = @28¥ — g where y(0,6=0, YL, H =0, Y0 =f), vle,0) =0, ly( 1] <M,

and give a physical interpretation.

Find the steady-state temnperature in a solid cube of unit side- (Fig, 2-29) if the face in the xy-plahe
is kept at the prescribed temperature F(x,y), while all other faces are kept at temperature zero.
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273,

2.74.

2.75.

2.76.

How would you solve Problem 2.72 if temperatures were prescribed on the other faces also?

.

How would you solve Problem 2.72 if the initial terhperature inside the cube was given and you
wished to find the temperature inside the cube at any later time? : N

x

Generalize the result of Problem 2.72 to any rectangular parallelepiped.

A plate in the form of a sector of a circle of radius o has central angle 8, as shown in Fig. 2-30.
If the circular part is maintained at a temperature f(s), 0 < ¢ < 8, while the bounding radii are
maintained at temperature zero, find the steady-state temperature everywhere in the sector.

Fig. 2-29 :  Fig.2-30



Chapter 3

Orthogonal Functions

DEFINITIONS INVOLVING ORTHOGONAL FUNCTIONS.
ORTHONORMAL SETS

Many properties of Fourier series considered in Chapter 2 depended on such results as -

L L
.. My . Nk _ mnx Nnrx —
J; sin—7=sin—= de = 0, J; COS— 7 COS~— dx 0 (m #n) (1)

In this chapter we shall seek to generalize some ideas of Chapter 2. To do this we first
recall some elementary properties of vectors.

Two vectors A and B are called orthogonal (perpendicular) if A-B=0 or A:B:i+
AsBs + A3Bs; = 0, where A = Aji+ Asj+ Ask and B = Bii+ Bsj+ Bsk. Although not geo-
metrically or physically obvious, these ideas ean be generalized to include vectors with
more than three components. In particular we can think of a function, say A(x), as being a
vector with an infinity of components (i.e. an infinite-dimensional vector), the value of each
component being specified by substituting a particular value of « taken from some interval

(a,b). It is natural in such case to define two functions, A(x) and B(x), as orthogonal in
(@, b) if

b
f A(@)B(x)dx = 0 @)
The left side of (2) is often called the scalar product of A(x) and B(x).

A vector A is called a unit vector or normalized vector if its magnitude is unity, i.e.

if A-A=A?=1. Extending the concept, we say that the function A(x) is normal or
normalized in (a, b) if

Lb{A(x)}zdx = 1 , (3)

From the above it is clear that we can consider a set of functions {¢ ()}, ¥ =1,2,8,...,
having the properties

J;b (@) ¢, ()dx = 0 m#“n (4)
fab {pn(@)?dz = 1 m=123,... ' (5)

Each member of the set is orthogonal to every other member of the set and is also normal-
ized. We call such a set of functions an orthonormal set in (a, b).

The equations (4) and (5) can be summarized by writing

S @@ = o, )

where 8., called Kronecker’s symbol, is defined as 0 if m +#n and 1 if m = n.

52
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Example 1.
The set of functions

omlx) = \/jf-sinmx m = 1,2,3,...

is an orthonormal set in the interval 0 =« = =.

ORTHOGONALITY WITH RESPECT TO A WEIGHT FUNCTION
b
It { n@n@u@ i = s, )

where w(x) =0, we often say that the set {y,(x)} is orthonormal with respect to the
density function or weight function w(x). In such case the set ¢,(x) = Vw(x)y,(2),
m=1,2,3,..., is an orthonormal set in (a, ).

EXPANSION OF FUNCTIONS IN ORTHONORMAL SERIES

Just as any vector r in 3 dimensions can be expanded in a set of mutually orthogonal
unit vectors i, j, k in the form r = ¢ii + ¢2j + ¢k, so we consider the possibility of expanding
a function f(x) in a set of orthonormal functions, i.e.

fley = 121 ¢, $,(x) a=x=b 8)

Such series, called orthonormal series, are generalizations of Fourier series and are of
great interest and utility both from theoretical and applied viewpoints.

Assuming that the series on the right of (8) converges to f(x), we can formally multiply
both sides by ¢, (x) and integrate both sides from @ to b to obtain

¢, = f " ) 6. (@) da )

which are called the generalized Fourier coefficients. As in the case of Fourier series, an
investigation should be made to determine whether the series on the right of (8) with co-
efficients (9) actually converges to f(z). In practice, if f(x) and f’(x) are piecewise continu-
ous in (a,b), then the series on the right of (8) with coefficients given by (9) converges to
$[f(x +0) + f(x — 0)] as in the case of Fourier series.

APPROXIMATIONS IN THE LEAST-SQUARES SENSE

Let f(x ‘and f’(x) be piecewise continuous in (a,b). Let ¢ (x), m=1,2,..., be ortho-
normal in (a,b). Suppose now that we consider the finite sum
M
Sul@) = 3 (@) (10)

as an approximation to f(x), where «, »=1,2,3,..., are constants presently unknown.
Then the mean square error of this approximation is given by

fa [f(z) — Sy()]2 da

Mean square error = —a (11)

and the root mean square error Ewms is given by the square root of (11), i.e.

Eoms = \/ e f if@) — S @) de (12)
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We now seek to determine the constants «, which will produce the least root mean
square error. The result is supplied in the following theorem which is proved in Prob-
lem 3.5.

Theorem 3-I: The root mean square error (12) is least (i.e. 2 minimum) when the co-
efficients are equal to the generalized Fourier coefficients (9), i.e. when

o = ¢ = f i@ d 13)

We often say that S, (z) with coefficients ¢, is an approximation to f(x) in the least-
squares sense or a least-squares approximation to f(x).

It is of interest to note that once we have worked out an approximation to f(x) in the
least-squares sense by using the coefficients ¢, we do not have to recompute these coeffi-
cients if we wish to have a better approximation. This is sometimes referred to ag the
principle of finality.

PARSEVAL’S IDENTITY FOR ORTHONORMAIL SERIES. COMPLETENESS
For the case where o =c, we can show (see Problem 3.5) that the root mean square

error is given by
. 1 b M 1/2
E.. = = [f [f(x)]2da — ,121 c?} (14)

1t is seen that E.ms depends on M. As M - « we would expect that E.ns = 0, in which case

we would have . B
S tapds = Ta (15)

Now, (15) could certainly not be true if, for example, we left out certain functions ¢ ()
in the series approximation, i.e. if the set of functions were incomplete. We are therefore
led to define a set of functions ¢ () to be complete if and only if Ems—>0 as M-, so
that (15) is valid. We refer to (15) as Parseval’s identity for orthonormal series of func-
tions. In (6) of Chapter 2, page 23, we have obtained Parseval's identity for the special
cage of Fourier series. .

In the cagse where Ems=> 0 as M > », ie.
b

lim [f(x) — S,(®)]*dx = 0 (16)

M~ a

we sometimes write _
Lim. S,(x) = F(x) (Z7)

M=o

This is read the limit in mean of S, (x) as M > © equals f(z) or S,,(x) converges in the mean to
f(x) as M = = and is equivalent to (16).

STURM-LIOUVILLE SYSTEMS. EIGENVALUES AND EIGENFUNCTIONS
A boundary value problem having the form '

d
%[p :J+ [q)+ar@)]y = O a=x=D)

. (18)
ay(@) +ay(@) = 0, Bybd)+By((kh) =0
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where o, a, B, 8, are given constants; p(x), q(x),7(x) are given functions which we shall
assume to be differentiable and A is an unspecified parameter independent of z, is called a
Sturm-Liouville boundary value problem or Sturm-Liouville system. Such systems arise
in practice on using the separation of variables method in solution of partial differential
equations. In such case A is the “separation constant.” See Problem 3.14.

A nontrivial solution of this system, i.e. one which is not identically zero, exists in
general only for a particular set of values of the parameter A. These values are called
the characteristic values, or more often eigenvalues, of the system. The corresponding solu-
tions are called characteristic functions or eigenfunctions of the system. In general to each
eigenvalue there is one eigenfunction, although exceptions can occur.

If p(x) and g(z) are real, then the eigenvalues are real. Also, the eigenfunctions form
an orthogonal set with respect to the weight function r(x), which is generally taken as non-
negative, i.e. 7(x) = 0. It follows that by suitable normalization the set of functions can
be made an orthonormal set with respect to »(x) in a =z =b. See Problems 3.8-3.11.

THE GRAM-SCHMIDT ORTHONORMALIZATION PROCESS

Given a finite or infinite set of linearly independent functions y (), ¢,(%), ¥,(2), ... de-
. fined in an interval (a, b) it is possible to generate from these functions a set of orthonormal
functions in (a,b). To do this we first consider a new set of functions obtained from the
¢, () and given by

€ 0, (®),  Co it (®) F €ty (), Gy ¥, () F oy ¥, (@) + Cyyyy(@), . 19

where the ¢’s are constants to be determined. We shall designate the functions in (19) by
6,(2), $5(@), $5(%), - - . -

We now choose the constants ¢, ¢,,,¢C,,, ... so that the functions ¢, (), $,(2), ¢,(%), - - .
are mutually orthogonal and also normalized in (a,b). The process, known as the Gram-
Schmidt orthonormalization process, is illustrated in Problem 3.12.

An extension to the case where orthonormalization is with respect to a given weight
function is easily made.

APPLICATIONS TO BOUNDARY VALUE PROBLEMS

In the course of solving boundary value problems using separation of variables we often
-arrive at Sturm-Liouville differential equations (see Problem 3.15, for example). The
parameter X in these equations is the separation constant, and the values of A which are
obtained represent the real eigenvalues. The solution of the boundary value problem is then
obtained in terms of the corresponding mutually orthogonal eigenfunctions. :

For an illustration which does not involve Fourier series, see Problem 3.13. Other illus-
trations involving this general procedure will be given in later chapters. '
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Solved Problems

ORTHOGONAL FUNCTIONS AND ORTHONORMAL SERIES
3.1. (a¢) Show that the set of functions
. T R . 2mx 27 . 3rx 3rx
1, sinz-, cos, sin—7-, cos——, sin—z—, cos—z7—,
form an orthogonal set in the interval (=L, L).

(b) Determine the corresponding normalizing constants for the set in (a) so that the
set is orthonormal in (—L, L).

(@) This follows at once from the results of Problems 2.2 and 2.3, page 26.
(b) By Problem 2.3,

LLL sin2 % de = L, . I—LL cos2 m}:x de = L
Then f_l; (V—% sin ﬂZg>2 dx = 1, J‘_LL(\/E— cos %)2&1: =1
L L 1 2 . ‘
Also, JLL 1)2dx = 2L or J:L <—\/—2:—Z> de = 1
Thus the required orthonormal set is given by
1 1 . =x 1 TE 1 . 272 1 2
—\/,2_—1_:, —ﬁsm—L—, \/—ZCOS—L—’ —\/%smT, —\/—Z-cosT,

3.2. Let {¢,(x)} be a set of functions which are mutually orthonormal in (a,b). Prove

that if i ¢, ¢,(x) converges uniformly to f(x) in (a,d), then
n=1

o = f " f() () da

Multiplying both sides of ©
flx) = 21 Cn Pr(X) ()
e

bY ¢n(®) and integrating from o to b, we have

b 0 b
J i@ em@ s = 3 e [ one) bato) am @

where the interchange of integration and summation is justified by the fact that the series converges
uniformly to f(z). Now since the functions {¢,(x)} are mutually orthonormal in (a, b),-we have

b 0 m+#=mn
[ @ omas = {

1 m=n
so that (2) becomes b
1@ pn) dz = o 8)
a
as required.

We call the coefficients c,, given by (3) the generalized Fourier coefficients corresponding to
f(x) even though nothing may be known about the convergence of the series in (I). As in the case

of Fourier series, convergence of 21 ¢, ¢n(x) is then investigated using the coefficients (3). The
e

conditions of convergence depend of course on the types of orthonormal functions used. In the

remainder of this book we shall be concerned with many examples of orthonormal functions and
series.
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LEAST-SQUARES APPROXIMATIONS. PARSEVAL’S IDENTITY
AND COMPLETENESS :

33 If S,(x) = 2 . $.(¢), where ¢, (2), n=1,2,..., is orthonormal in (a,b), prove

that -

f IPds = j:’ [f@)2de — 2:4; ac + éag

where c, f z) ¢,(x) dx are the generalized Fourier coefficients corresponding
to f(x).
We have M

f@) = Su@ = f@) = 3 andnlx)
By squaring we obtain

M M M
[f(®) = Su@)2 = [f@)]> — 2 ngl oy f(x) gn() + mgl ngl am n () S (%)

Integrating both sides from a to b using

b b 0 ' m=n
J; f(x) ¢u(@) do, f Pm(®) pnlx) dx = {

. M=n

we obtain

b b M M
f [f(z) ~ Sy(®))2da = f i@)2ds — 2 3 anen + 3 of

We have assumed that f(x) is such that all the above integrals exist.

34. Show that
b M
(1) - sypde = f (f@)2de + 2 (=) = T el
This follows from Problem 3.3 by noting that

b M M b M
f [f(x))2de — 2 g} anC, + gl e = f [f(x)]2dx + gl (a2 —2ap¢,)

b M
[ @z + 3 len—e? -l

b M M
fl Ui + 3 @-ar - 3 d

3.5. (a) Prove Theorem 3.1, page 54: The root mean square error is a minimum when
the coeflicients «, equal the Fourier coefficients c,.

(b) What is the value of the root mean square error in this case?
(@) From Problem 3.4 we have
b b M M
fa [f(®) — Sy(@)]2dx = f [f(@)2dx + §1 (an—cy)? — gl c?

Now the root mean square error will be a minimum when the above is a minimum. However, it

is clear that the right-hand side is a minimum When 2 (en—cy)? = 0, i.e. when an = Cp
for all n.
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3.6.

3.7.
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(b) From part (a) we see that the minimum value of the root mean square error is given by

b 1/2
Bw = |52 f V0~ Suwiar |

1 b & 1/2
- \/b—al:j; ()] do — 12'1 on

Prove that if c., n=1,2,3,..., denote the generalized Fourier coefficients corre-
sponding to f(x), then - b

ez = f [f(x)]2 dx

n=1 a

From Problem 3.5 we see that, since the root mean square error must be nonnegative,

M b
Sa = | rere (1)
n=1 a.
Then, taking the limit as M = » and noting that the right side does not depend on M, it follows that
w b
S 2= f [f()]2 d= (2)
n=1 a

This inequality is often called Bessel’s inequality.

As a consequence of (2) we see that if the right side of (2) exists, then the series on the left
must converge. In the special case where the equality holds in (2) we obtain Parseval’s identity.

b

Show that lim f(x)¢ (x)dx =

n =0

By definition we have ¢, = f f(x) pn(x) dxz. But since 3 c¢2 converges by Problem 3.6, the
a n=1
nth term c¢2, and with it c,, must approach zero as m = =, which is the required result. Note that

this result for the special case of Fourier series is Riemann’s theorem (see Problem 2.19, page 35).

STURM-LIOUVILLE SYSTEMS. EIGENVALUES AND EIGENFUNCTIONS

3.8.

(@) Verify that the system »”+iy =0, »(0) =0, y(1)=0 is a Sturm-Liouville sys-
tem. (b) Find the eigenvalues and eigenfunctions of the system. (c) Prove that the
eigenfunctions are orthogonal in (0,1). (d) Find the corresponding set of normalized
eigenfunctions. (¢) Expand f(x) =1 in a series of these orthonormal functions.

(@) The system is a special case of (18), page 54, with p(x) =1, q(x) =0, r(x) =1, a=0, b =1,
=1, ap=0, B, =1, B, =0 and thus is a Sturm-Liouville system.

(b) The general solution of " +Ay =0 is y = A cosViz + BsinyVrx. From the boundary
condition %(0) =0 we have A =0, ie. y = Bsin Vrz. From the boundary condition
y(1) =0 we have B sin ﬁ = 0; since B cannot be zero (otherwise the solution will be iden-
tically zero, i.e. trivial), we must have sinVA =0. Then A= mm, \=m272, where
m =1,2,3,... are the required eigenvalues.

The eigenfunctions belonging to the eigenvalues A = m2z2 can be designated by B,, sin mrz,
m=1,283,.... Note that we exclude the value m =0 or A\ =0 as an eigenvalue, since the
corresponding eigenfunction is zero.

(¢) The eigenfunctions are orthogonal since

1 1
f (B sinmzrx)(B, sin nzx)de = B,B, f sin mzrx sin nrx de
0 0
BB, (!
= 5 [cos (m — n)7zx — cos (m + n)zx] dw
0

1

_ BBy I:Sin (m — )7z - sin b % n)ﬁx] = 0, m¥n

2 (m—n)r (m + n)7

0
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3.9.

3.10.

(d) The eigenfunctions will be orthonormal if

1
f (B sinmrx)2de = 1
1]

1 B 1! B2 )
ie if B f sin2max do = 7”‘ f (1 — cos 2max) de = T’" =1, or B,=1V2, taking the
0 0
positive square root. Thus the set /2 sin max, m = 1,2, ..., is an orthonormal set.

(¢) We must find constants ¢y, ¢, ... such that

@ = 3 ondm@)

m=1
where f(x) =1, ¢p(x) = \/—2_ sinmz2. By the methods of Fourier series,

1 _ t V2 (1 — cos mx)
em = j; f(@) () dx = \/—2_1; sinmgz de = B —

—

Then the required series [Fourier series] is, assuming 0 <2 <1,

1 = 3 2(1 — cos mr) sin marx
m=1 mmr

Show that the eigenvalues of a Sturm-Liouville system are real.

We have 2 p@%L ]+ L+ o = o @
ayla) + agy’(@) = 0,  Byy(b) + Bay'(b) = 0O @

Then assuming p(x), g(x), (%), a1, as, B1, B2 are real, while X and y may be complex, we have on
taking the complex conjugate (represented by using a bar, as in #, \):

[P |+ g +3ota = o ®)
(@) + axf’(@) = 0,  B1H(b) + B'(D) = 0 ‘ “4)
Multiplying equation (1) by #, (8) by ¥ and subtracting, we find after simplifying,
d% [p@) Wi —3y)] = (= Nrx)yy
Then integrating from a to b, we have

b
p(x)(yﬂ'—f/y')a =0 ®)

b
6= § el

on using the conditions (2) and (4). Since r(x) =0 and is not identically zero in (a, b), the integral
on the left of (5) is positive and so A—XA =0 or A =7, so that \ is real.

Show that the eigenfunctions belonging to two different eigenvalues are orthogonal
with respect to r(z) in (a, b).

If y, and y, are eigenfunctions belonging to the eigenvalues A, and X, respectively,

d
%[p(x)dixl] + [g@) + \r(@)]y, = 0 )
ayy (@) + agyi(@) = 0, Biy (B) + Bayi(d) = 0 2)
d
[P0 |+ e+ @l = 0 ®

I
©

a (@) + agyz(@) = 0, B1Y2(b) + Bays(b) “4)
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Then multiplying () by ¥z, (8) by ¥, and subtracting, we find as in Problem 3.9,

'

% (@) (W1yz — ¥ey1)] = (= 2)r(@)y192

Integrating from a to b, we have on using (2) and (4),

b b
(>\1—>\2)_£ M)y yade = p@)(y1ys— yav1) , =0

and since \; # A\, we have the required result

b
J; r@)yyzde = 0

Given the Sturm-Liouville system ¥+ Ay =0, y(0) =0, y'(L)+ By(L) =0, where B
and L are given constants. Find (a) the eigenvalues and (b) the normalized eigen-
functions of the system. (¢) Expand f(x), 0 <z <L, in a series of these normalized
eigenfunctions.

(a)

The general solution of 3"’ + Ay =0 is
y = A cosViz + B sin Vi z
Then from the condition »(0) =0 we find 4 = 0, so that

y = BsinVisw
The condition y'(L)+ 8y(L) =0 gives

BVNcosVAL + gBsinVAL = 0 or tanVAL = —‘;—K (1)
which is the equation for determining the eigenvalues A, This equation cannot be solved exactly;
however we can obtain approximate values graphically. To do this we let v = \/RL so that

the equation becomes »

tanv = — 3L @)
The values of v, and -from these the values of A, can be obtained from the intersection points
vy, Vg, Vg, ... Of the graphs of w =tanv and w = —v/BL, as indicated in Fig. 3-1. In con-
struction of these we have assumed that g8 and L are positive. We also note that we need only
find the positive roots of (1).

V1

B T P sy

Vg

e _cm e, e, ————————

Vg

Fig. 3-1
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(b) The eigenfunctions are given by

¢n(x) = Bn sin Vi, ‘ (€]
where A,, n» =1,2,8,..., represent the eigenvalues obtained in part (a). To normalize these
we require L
f B2 sinfVn,zde = 1
o
B2 L
ie. —2—"f (1—cos2Vn,x)de = 1
0
. 4,
or B,

4)
2V, L — sin2y/x, L

Thus a set of normalized eigenfunctions is given by

o) = 4‘/)\_" sin \/}\_nac n=12,... 5)
V 2Vx. L — sin2Vi, L

(¢) If fx) = il ¢, ¢,(x), then

L
f f(@) gu(x)de = \/ i f F(x) sin Vx, % da (6)
0 2V, L — sin2V\, L

Thus the required expansion is that with coefficients given by (6). The expansion for f(x) can
equivalently be written as

:SVAN
fl) = \/_ {f f(x) sm\/_xdx} sm\/—x ?)

n= 12\/_L—sm2\/—L

GRAM-SCHMIDT ORTHONORMALIZATION PROCESS

3.12. Generate a set of polynomials orthonormal in the interval (—1,1) from the sequence
1, x, 2% 28, .

According to the Gram-Schmidt process we consider the functions
¢1(x) = €11 ¢2(x) = 021' + Coo, ¢3($) = €31 + C30% + 033(”2,

Since ¢o(x) must be orthogonal to ¢,(«) in (—1, 1), we have
1
f—-l(cll)(cz‘ + 0221?) de = 0 ie. 011(2021) =0

from which ¢y = 0, because ¢y; ¥ 0. Thus we have

#1(x) = ey do(x) = cootr

In order that ¢,(x) and ¢,(x) be normalized in (—1,1) we must have

1 1
j:l(.°11)2dx =1 f1(622x)2dx =1

from which

3
u = *4/3 022215

Since ¢4(xx) must be orthogonal to ¢,(x) and ¢,(x) in (—1, 1), we have

1 1 ‘
f (e11)(egy + €322 + eggx?) dze = 0, f (e292)(c3s + 302 + cggx%) dr = 0
1 —1

from which
2031 + §c33 =0 or C33 = ‘—30311 Cg9 — 0

Thus #3(®) = cg(1 — 322)
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In order that ¢;(x) be normalized in (—1,1) we must have
1
f [eg1(1 —3x2)]2de = 1 whence ¢y = =
-1
The orthonormal functions thus far are given b_y

2 —
$1(®) = “—“\/1, “palx) = I\/gm’ pa(x) = * g(?’ﬁ.z_l)

By continuing the process (see Problem 3.29) we find

7( 523 — 3x 9/35xt — 3022+ 3
o = =T[5, i = =y eS),

From these we obtain the Legendre polynomials

32 — 1 5x% — 3x
Pyx) = 1, Py(x) = &, Pyla) = Z5—, Pyle) = =5
35x% — 3042 + 3
Py() = ST,
The polynomials are such that P,(1) =1, » =0,1,2,8,.... We shall investigate Legendre poly-

nomials and applications in Chapter 7.

APPLICATIONS TO BOUNDARY VALUE PROBLEMS

3.13. A thin conducting bar whose ends are at £ =0 and x =L has theend =0 at
temperature zero, while at the end x = L radiation takes place into a medium of
temperature zero. Assuming that the surface is insulated and that the initial tem-
perature is f(z); 0 <z <L, find the temperature at any point 2 of the bar at any

time ¢.
The heat conduction equation for the temperature in a bar whose surface is insulated is
du . u »
at a2 (1)

Assuming Newton’s law of cooling applies at the end x = L, we obtain the condition
—Ku,(L,t) = h[u(L,t)— 0]
or ) u:c(L’ t) = —,BM(L, t) . (2)

where 8 = K/h, K being the thermal conductivity and % a constant of proportionality. The re-
maining boundary conditions are given by

u(0,t) = 0, w(x,0) = f(x), |ulx,t)] < M
To solve this boundary value problem we let « = XT in (I) to obtain the solution
u = e *t(4 cosAx + B sin \x)

From u(0,t) =0 we find 4 =0, so that

u(x, t) = Be—x\t ginx
The boundary condition (2) yields A
tan \L = _E (3)
This equation is exactly the same as (Z) on page 60 with A\ replaced by A2, Denoting the nth posi-
tive root of (3) by A,, » =1,2,8,..., we see that solutions are
u(x,t) = Bpe~*Nt sin Az

Using the principle of superposition we then arrive at a solution

0
w(@,t) = 3 Be~*Mtginiw
n=1
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3.14.

THe last boundary condition, u(x,0) = f(x), now leads to

flx) = E Bn sin Ap
=1

n=

We can find B,, by multiplying both sides by sin A,z and then integrating, using the fact that
L
J‘ sin A,z sin Az de = O m+*n
0

However the result is already available to us from (6) of Problem 3.11 if we replace A, by A2. Thus

the solution is
o 4ANe~ ¥Rt gin A j‘L ) sinnz d
= —_— 1n X
ulz, b 2L —smanL | ), (@) s

(@) Show that separation of variables in the boundary value problem
ou ) ou '
9(x) 5 o [K(x) 3x] + h(x)u 0<z<L, 0

w0,t) = 0, ul,t) =0, wz0) = f@), |uzt) <M

leads to a Sturm-Liouville system. (b) Give a physical interpretation of the equa-
tion in (a). (c) How would you proceed to solve the boundary value problem in (a)?

(a) Letting u = XT in the given equation, we find
d , dX
i —— —_
g@)XT = Tdm K(x) dx + hgx)XT

Then dividing by g(x)XT yields

T 1 d dX

Setting each side equal to —A, we find
T+ AT = 0 (1)

%[K(x)% + [h®) + Ag@)X = 0 @

Also, from the conditions #%(0,t) =0 and w(L,t) = 0 we are led to the conditions
X0 = 0 X(L) = 0 3

The required Sturm-Liouville system is given by (2) and (3). Note that the Sturm-Liouville
differential equation (2) corresponds to that of (18), page 54, if we choose ¥y = X, p(x) = K(%),
q(x) = hlx), r(x) = g(=).

(b) By comparison with the derivation of the heat conduction equation on page 9 we see that
u(x,t) can be interpreted as the temperature at any point # at time ¢£. In such case K(x) is
the (nonconstant) thermal conductivity and g(x) is the specific heat multiplied by the density.
The term h(x)u can represent the fact that a Newton’s law of cooling type radiation into a
medium of temperature zero is taking place at the surface of the bar, with a proportionality
factor that depends on position.

() From equation (2) subject to boundary conditions (3) we can find eigenvalues A\, and normalized

eigenfunctions X, (x), where n =1,2,3,.... Equation (1) gives T = ce~ >, Thus o soluotion
obtained by superposition is

ulx, t) = El epe Mt X, (x)
e

From the boundary condition u(x,0) = f(x) we have

fw) = 3 enXalw)
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which leads to

L
Cp = J; f(x) X (o) do

Thus we obtain the solution

o L
u(x,t) = "gl {J; f@) X () dx} e~ Mt X, (x)

Supplementary Problems

ORTHOGONAL FUNCTIONS AND ORTHONORMAL SERIES

3.15. Given the functions a,, a; + a,2, a3+ a,x + a5x2 where ay, ..., a; are constants. Determine the con-
stants so that these functions are mutually orthonormal in the interval (0,1).

3.16. Generalize Problem 3.15 to arbitrary finite intervals.

3.17. (a) Show that the functions 1, 1—x, 2 —4x + 22 are mutually orthogonal in (0, ») with respect to
the density function e—%. (b) Obtain a mutually orthonormal set.

3.18. Give a vector interpretation to functions which are orthonormal with respect to a density or
weight function.

3.19. (a) Show that the functions cos(rncos—1x), = =0,1,2,8,..., are mutually orthogonal in (—1,1)
with respect to the weight function (1 —«2)—V2, (b) Obtain a mutually orthonormal set of these
functions.

0

3.20. Show how to expand f(z) into a series ¢, pn(%), where ¢,(x) are mutually orthonormal in (a, b)
n=1

with respect to the weight function w(x).

321. (a) Expand f(x) into a series having the form 3 ¢, ¢q(x), where ¢,(x) are the mutually ortho-
=0

ne
normal funetions of Problem 3.19. (b) Discuss the relationship of the series in (a) to Fourier series.

APPROXIMATIONS IN THE LEAST-SQUARES SENSE, PARSEVAL'S IDENTITY
AND COMPLETENESS

3.22. . Let r be any three-dimensional vector. Show that
(@) (@i)2+ (r+j§)2 = r2 (b) (@ei)2+(xj§)2+ (r-k)2 = r2

where r2=r+r and discuss these with reference to Bessel’s inequality and Parseval’s identity.
Compare with Problem 3.6.

3.23. Suppose that one term in any orthonormal series (such as a Fourier series) is omitted. (a) Can
we expand an arbitrary function f(x) in the series? (b) Can Parseval’s identity be satisfied? (c) Can
Bessel’s inequality be satisfied? Justify your answers.

T

3.24. (a) Find ey, ¢y, ¢3 such that f [® — (cy sinz + ¢, sin 22 + ¢4 sin 3x)]2dx is a minimum.
kg

(b) What is the mean square error and root mean square error in approximating x by ¢, sinz +
¢ 8in 2¢ + ¢3 sin 3x, where ¢;, ¢,, ¢3 are the values obtained in (a)?
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3.25.

3.26.

3.27.

3.28.

(¢) Suppose that it is desired to approximate x by «; sin & + ay 8in 22 + o sin 3z + a4 sin4x in the
least-squares sense in the interval (—=,#). Are the values aj, ap, ag the same as ¢, ¢y, ¢5 of
part (a)? Explain and discuss the significance of this.

Verify that Bessel’s inequality holds in Problem 3.24.

Discuss the relationship of Problem 3.24 with the expansion of f(#) = 2 in a Fourier series in the
interval (—r, 7).

Prove that the set of orthonormal functions ¢,.(x), n = 1,2,8,..., cannot be complete in (a,b) if
there exists some function f(x) different from zero which is orthogonal to all members of the set, i.e. if

b
f f(x) pp(x)de = 0 n=123,...

Is the converse of Problem 3.27 true? Explain.

GRAM-SCHMIDT ORTHONORMALIZATION PROCESS

3.29.

3.30.

3.31.

3.32.

Verify that a continuation of the process in Problem 8.12 produces the indicated results for ¢4(x)
and ¢5(x).

Given the set of functions 1,x, 22,28, ..., obtain from these a set of functions which are mutually
orthonormal in (—1,1) with respect to the weight function «.

Work Problem 8.30 if the interval is (0, ») and the weight function is e~*. The polynomials thus
obtained are Laguerre polynomials. ‘

Is it possible to use the Gram-Schmidt process to obtain from z, 1 —&, 3+ 22 a set of functions
orthonormal in (0,1)? Explain.

STURM-LIOUVILLE SYSTEMS. EIGENVALUES AND EIGENFUNCTIONS

3.33.

3.34.

3.35.

3.36.

337.

(¢) Verify that the system y” -+ iy =0, ¥'(0) =0, y(1) =0 is a Sturm-Liouville system.
10) Find the eigenvalues and eigenfunctions of the system.

(¢) Prove that the eigenfunctions are orthogonal and determine the corresponding orthonormal
functions.

Work Problem 3.33, if the boundary conditions are (a) y(0) =0, ¥’'(1) = 0; (b) ¥'(0) = 0, y'(1) = 0.

Show that in Problem 3.11 we have
g o 20at s
" T Ln,+LBR2+ B

Show that any equation having the form ay(2)y” + a (z)y’ + [a2(x) + Aag(x)]y = O can be written
in Sturm-Liouville form as

L] s |+ law+ v = o
with p@) = JWWE ) = @), ) = Zp
0 0

Discuss Problem 3.18 if the boundary conditions are replaced by u.(0,t) = hju(0,t), u,L,t)=
hzu(L, t).
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3.38. (a) Show that separation of variables in the boundary value prdblem‘

2y _ o oy
sl = 2 [:r(x) |+ hay

leads to a Sturm-Liouville system. (b) Give a physical interpretation of the equations in (a).
(¢) How would you solve the boundary value problem?

3.39. Discuss Problem 3.38 if the boundary conditions %(0,t) =0, »(L,t) =0 are replaced by ,(0,?) =
hyy(0, 1), y.(L,t) = hyy(L,t), respectively.

APPLICATIONS TO BOUNDARY VALUE PROBLEMS
340. (a) Solve the boundary value problem

u _ Pu
at — "oax?

u(0,8) = 0, uyL,t) =0, ux,0) = fz), |ulx,t) <M
and (b) interpret physically.

0<x<L, t>0

341. (a) Solve the boundary value problem
Py _ L
oz 92

¥(0,8) =0, yL,t) =0, yx0) = flx), y(x,0) =0, [ylo,t) <M
and (b) interpret physically.

342. (a) Solve the boundary value problem
PY | a0
6t2+bax4“0 0<xz<L, t>0

¥(0,9) =0, ,0,¢) =0, yL,t) =0, y,L,t) =0, g0 = f(x), |yt <M
and (b) interpret physically.

343. Show that the solution of the boundary value problem

dou _  %m
T T fam 0<xe<], t>0
u(0,8) = hu(0,¢), w1, t) = —hu(l,t), ulx,0 = f(x)

where «, h and [ are constants, is

® 2. Ap cOSA,® + hsinhx
u(x,t) = n§1 e KXxt EEA S 2h)\n J(; f(x)(\, cos Az + h sin A\x) da

. . 2h . . . .
where )\, are solutions of the equation tanal = r)\hz Give a physical interpretation.



Chapter 4

Gammaq, Beta and
Other Special Functions'

SPECIAL FUNCTIONS

In the process of obtaining solutions to boundary value problems we often arrive at
special functions. In this chapter we shall survey some special functions that will be em-
ployed in later chapters. If desired, the student may skip this chapter, returning to it
should the need arise.

THE GAMMA FUNCTION
The gamma function, denoted by T'(n), is defined by

I'(n) = j;w " le * dx (1)

which is convergent for n > 0.
A recurrence formula for the gamma function is
T(n+1) = nr(n) ' 2

where T(1) =1 (see Problem 4.1). From (2), T(n) can be determined for all » >0 when
the values for 1 =7 <2 (or any other interval of unit length) are known (see table on page
68). In particular if » is a positive integer, then

Tn+1) =n! n=1,238,... (3)

For this reason T(n) is sometimes called the factorial function.

Examples. r@) = 1! =1, 1) = 5! =120, —= = - = 12

It can be shown (Problem 4.4) that
r@ = v= (4)

The recurrence relation (2) is a difference equation which has (1) as a solution. By
taking (7) as the definition of I'(n) for n >0, we can generalize the gamma function to
n <0 by use of (2) in the form
T(n+1)

— (5)

See Problem 4.7, for example. The process is called analytic continuation.

T(n)

67
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TABLE OF VALUES AND GRAPH OF THE GAMMA FUNCTION

1.30 0.8975
1.40 0.8873

n T'(n) . I(n)
1.00 1.0000 )
1.10 0.9514 s
1.20 0.9182 .

1

Fig. 4-1 .
1.50 0.8862 & IR R
1.60 0.8935 N
1.70 0.9086 :

1.80 0.9314
1.90 0.9618
2.00 1.0000

ASYMPTOTIC FORMULA FOR 1(n)

If n is large, the computational difficulties inherent in a direct calculation of T'(n) are
apparent. A useful result in such case is supplied by the relation

r(n+1) = 2rmmnre "e12n+D 0Kl (6)

For most practical purposes the last factor, which is very close to 1 for large n, can be
omitted. If n is an integer, we can write

n! ~ V2mnte ™ (7)

where ~ means “is approximately equal to for large n”. This is sometimes called Stirling’s
factorial approximation (or asymptotic formula) for n!.

MISCELLANEOUS RESULTS INVOLVING THE GAMMA FUNCTION

™

1. Mx)r(l—=) = e
In particular if « =4, T(3) = V= asin (4).
2. 22-1(x) T(x +3) = V=T (2x)

This is called the duplication formula for the gamma function.

3. I‘(x) r<x + %) r(x + %) .. .I‘(x + %&) — m(1/2)—m:c (27r)(m-l)/2 r(mx)
The duplication formula is a special case of this with m = 2.
oz 1 1 139
4. I‘(x + 1) 2rxr x*e {1 + 1—2'5 + 2882 51,8401 + .- ’}

This is called Stirling’s asymptotic series for the gamma function. The series in
braces is an asymptotic series as defined on page 70.

5. ™1 = J; e *lnxdr = —y
where y is Euler’s constant and is defined as

. 1 1 1
I}II_ILIL <1+§+§+"'+M—‘IHM> = 0.5772156. ..
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'(p+1) i1 . 1. . .1
. I(p+1) 1tetgt Ty
THE BETA FUNCTION
The beta function, denoted by B(m, n), is defined by '
1
B(m,n) = j; ™Y (1—z)tdx (8)

which is convergent for m > 0, n > 0.
The beta function is connected with the gamma function according to the relation
T(m) T(n)
B(m, n) T(m + n)
See Problem 4.12. Using (4) we can define B(m,n) for m <0, n < 0.

Many integrals can be evaluated in terms of beta or gamma functions. Two useful
results are

©®)

2 T(m) T(n)
2m—1 2n—1 = = —
j; sin g cos’»~19dfd = 4B(m,n) 31V ) (10)
valid for m >0 and n > 0 (see Problems 4.11 and 4.14) and
i de = 1- = z 0 1
j; 15 7%% I(p)T(1—p) P <p< (11)

See Problem 4.18.

OTHER SPECIAL FUNCTIONS

Many other special functions are of importance in science and engineering. Some of
these are given in the following list. Others will be considered in later chapters.

. 2 x 2 2 © 2

1. Error function. erf(z) = —f e vduy = 1 — —f e v du
(@) V=), vz

2. Complementary erfc(z) = —2-f evdu = 1 — erf(z)

error function. - Ve '
3. Exponential integral. Ei(z) = jw eu-:—udu
4. Sineintegral. Si(z) = fx SIMUyy = T f s g,
o U 2 z U
5. Cosine integral. Ci(x) = fw co; % du
6. Fresnel sine integral. S(z) = \/gfxsinu2 du = 1 — \/2 f “sinu? du
T TJe .

7. Fresnel cosine integral. C(z)

(1}
\/gf cosuldu = 1 — \/gfwcosuzdu
T 0 T x
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ASYMPTOTIC SERIES OR EXPANSIONS

Consider the series

a a2 an
S(x) = a(>+;1‘+‘:;‘2*+"'+55+"' (12)
an
and suppose that Su(x) = a0 + % + g_:. + o (13)

are the partial sums of the series.
If R.(x) = f(x) — Sa(x), where f(x) is given, is such that for every n
lim z"|Ro(x)] = 0 (14)

then S(z) is called an asymptotic series or expansion of f(x) and we denote this by writing
f(x) ~ S().
In practice the series (12) diverges. However, by taking the sum of successive terms

of the series, stopping just before the terms begin to increase, we may obtain a useful
approximation for f(z). The approximation becomes better the larger the value of z.

Various operations with asymptotic series are permissible. For example, asymptotic
series may be multiplied together or integrated term by term to yield another asymptotic
series.

Solved Problems

THE GAMMA FUNCTION
41. Prove: (a) T(n+1)=nr(n), n>0;, (b) T(n+1l)=n! n=123,....

0 M
f axte~rtde = lim xne~tdy
0

M=o 0

M
z\}iflw {(90")(—9_1) o ‘I;M (—e~)(nxn—1) dx}

M
= lim {-—M"e‘““ + nf xn—le-x dx} = nr(n) if >0
0

M=w

(@) T(n+1)

il

0 M
() r) = f e rdx = lim e Tdx = lim (1—e M) = 1
0 Mw o VO M= o
Put n=1,2,3,... in I'(m+1)=nr®n). Then
2 =1r@) =1, 18 = 212 = 2+1 = 2!, T4) = 31(8) = 3-2! = 3!

In general, T(n+1) =n! if nis a poéitive integer.

T'(6) (3 T(3) (2.5 6%
42. Evaluate (a) 213’ () Fél, (¢) (F)(5_(5) ), (d) 5r§§;
r6) _ 5!  5e4:3.2 _
@ 533 T 5w T T e = %0
) @ _ ird _ §-4rd) o3
C R ¢ N 1EY St
r) r@s5 21(1.5)0.5) 105 16

() T'(5.5) T (4.5)(3.5)(2.5)(1.5)(0.5) T(0.5) ~ 315
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g 6P
@ Frg T s

>

]

)

43. Evaluate (a) j; x3e~=dx, (b) j; x8e—2% dx.
i 3e—zdy = T(4) = 3! = 6
(@) J; z3e x© 4)

(b) Let 2x =y. Then the integral becomes

o0 6 © !
¥\ -y _ 1 6 o— - rm _ 6 _ 46
ﬁ<§>9y2 _27f0yeydy =2 T @ T

44. Provethat T(}) =V~

We have T1T(%) = f x~V2e—zdxr = 2f e~ du, on letting x = u2. It follows that
0 0

{r(g)® = {2 fwe’uzdu}{Z fwrvzdv} = 4f f e— W+ dy dy
0 0 o Jo

Changing to polar coordinates (o, #), where u = p cos ¢, v = p sin ¢, the last integral becomes

/2 /2 .
f f ePodpdy = 4 ~ g
&= &=0

andso T'(}4) = V7.

* __y3 * —422 f
45. Evaluate (q) j; Viedy, (b) j; 37 4z, ( \/m

(a) Letting y3 = x, the integral becomes

5 .
f ValBe=ze tx—23de = = ¥z
0

foox~1/2e“1dx = %I‘(%) = T
0

oo

(d) f 37 4y = f (61"3)(‘422)012 = f W23, Tet (4In3)22 = x» and the integral
0 0 0

becomes

© x1/2 o 1 ® ) V7
f e—*d = —f r-12e—zdy = — 2 = _V7T
0 V4In3 2v4In3 Jo 2vy41n3 4y/In3

(¢) Let —Inz=wu. Then x=e* When =1 u=0; when =0, u= o, The integral
becomes ®
f —du = f u-12eg-udy = I‘(%) = V7
‘ 0

4.6. Evaluate j‘ xm e~ dx, where m,n,a are positive constants.
0

Letting ax® =y, the integral becomes
% Y /2y m v 1/n 1 o 1 +1
- - = = e ( Yn—1g~ — m
j; {<a> } € yd{<a> } na(m+1)/nj; ymtDin=le~vdy = na(m+1)/'nr< o )

47. Evaluate (a) T(=1/2), (b) T(~5/2).

We use the generalization to negative values defined by T'(n) = Tnt1) .
n
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4.8.

4.9.

4.10.

GAMMA, BETA AND OTHER SPECIAL FUNCTIONS [CHAP. 4

(@) Letting n=—}, 1(—1/2) =232 _ o7

1/2
(b) Letting n = —38/2, 1(-3/2) = ( 31//22) = __23\//2; :%;, using (a).
Then r(-5/2) =522 = — &7
( 1)"n!

1
Prove that f 2™ {(In z)*d where » is a positive integer and m > —1.
0

~mF 1y

Letting « = 2~¥, the integral becomes (—1)» f yre~(mtLydy If (m+ 1)y = u, this last
integral becomes 0

Cedu (=Dt (=) _ _(=Dra!
=1 f +1)n “mEI T mtnr fo wreTtdu = Crrpmri Tt = e

Prove that f e~McosBrdr = _;.‘ /16—32/4«1 .
0 44

Let I = I(a,8) = f e=2%cos B\ d\.  Then
)

% = j; (—Ae“’”") sin 8\ dA
—an? © ﬂ © . ﬂ
= i ——_ —al =
3, sin BA o 2, e cos B\ dA 2 I
Thus 18 = 2 or 3B InI 2% )
Integration with respect to 8 yields )
Inl = —% + e
or I = Ia,p) = Ce B @)
® L ™3 1 [# .
But C = I(a,0) = f e—aMdy = —f x~ V22 dy = = =4/ —, on letting = = a)2.
(@0 =) 2VaJo 2Ve 2\ a £

Thus, as required,

1 T 2
= = Ze—B%/4a
I 2\’ae _

A particle is attracted toward a fixed point O with a force inversely proportional to
its instantaneous distance from O. If the particle is released from rest, find the tlme
for it to reach O.

At time t = 0 let the particle be located on the z-axis at « = a > 0 and let O be the origin.
Then by Newton’s law a2
mEE = _k (1)
dt? x
where m is the mass of the particle and k¥ > 0 is a constant of proportionality.

dx . d2x dv dv dx dv

Let Pkl the velocity of the particle. Then G2 d% —dwats Ve and (1) .
becomes dv k mo?
’”W'(E - ; or T = —klnx + ¢ (2)

upon integrating. Since v =0 at # =a, we find ¢=Fklng. Then

mv2 a dx 2k a
—_— = klIn= = 2 = i hodd
2 lnx or v 7i 1’ ﬂlnx (€3]
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where the negative sign is chosen since x is decreasing as t increases. We thus find that the time
T taken for the particle to go from « =a to x =0 is given by

T = 1}—”1 Y de 4
ij(; Vina/x @

Letting Ina/x =u or x = ae~*, this becomes

- Jﬂ T /2 = = dﬂ 1) = Tm
T a kj; u e~ du a 2kr(2) a ok

THE BETA FUNCTION .
4.11. Prove that (a) B(m,n) = B(n,m), (b) B(m,n)= 2f sin?™~19 cos® 14 df.
0

no

. () Using the transformation * =1—y, we have

Il

1 1
B(m,n) = fo gm—1 (1 —x)n—1dzx fo 1 —yym—1yn—1dy

f

1
foy"“’(l-y)’"“‘dy = B(n,m)

(b) Using the transformation z = sinZ2¢, we have

1 /2
B(m,n) = f am—1(1—x)n—1dx J (sin2 g)m—1(cos2 )"~ 2 gin 9 cos ¢ dé
0 Jo

T2
2 f sin2m—1¢ cos?"~1¢ dg
0

T (m) T(n)

412. Provethat B(m,n) = Lo

m,n > 0.
Letting 2z = x2, we have TI'(m) = f m—le~2dz = Zf x2m—1¢~2" gy,
0 0

Similarly, rI(n) = 2f y2n—1e—2 dy. Then
0

4<f x2m—1 e—x"’ dx><fwy2n—l eV dy)
0 )]

L o
4 f f g2m—1 y2n—1¢— @ +¥" gy dy
o Yo

Transforming to polar coordinates, = = pcosg, y = psing,

1l

T(m) I'(n)

w/2 o
4f f 2(m+n)—1 =0 cog2m—1 4 sin2"—1 ¢ dp d
=0 Jp=0 p ¢ ¢ Gpod

@ /2
4 f 2(m+n)—1 g—p% f 2m—1 4 gin2n—1
< o P e D oo cos ¢ sin?n~1 ¢ dg

/2
2 T(m + n) Jo cos?m~lg gin2n—1g dg¢ = D(m+ n)B(n,m)

T'(m) I'(n)

Il

= T(m+n) B(m,n)
using the results of Problem 4.11. Hence the required result follows.

The above argument can be made rigorous by using a limiting procedure.
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1 ] 2 d a
4.13. Evaluate (a) f 41 —zx)%du, f v o , () f yva® —y? dy.
0 "/2 —x 0
! _IrGr@ _ 4!3! _ 1
(a) J; :c4(1—x)3dx - B(5,4) == W— = ? = ﬁ
(b) Letting « = 2v, the integral becomes

! 4V2r(3) r1/2 64V/2
4\/§f1 Y iy = 4\/2f0 v¥(1—v)~V2dv = 4/2B@3,4) = VEI@)TW/Z) _ 64V2
0 -

— (7/2) 15
(¢) Letting 2 = a2z or y = aVz, the integral becomes

aST(5/2)1(3/2) _ 7ab

o f lx3/2(1—-x)1/2dx — P50 = =
2 J, 2 ' 2T(4) 32

2 T(m) T(n)
in2m—1 2n—1 — i St Sl CA7
4.14. Show that fo sin 6 cos*1gdg = S T(m + ) m,n > 0.

This follows at once from Problems 4.11 and 4.12.

/2 /2 T
4.15. Evaluate (a) J; sin® g dg, (b) J; sin* 4 cos®4 dd, (c) J; cos* g do.

(@) Let 2m—1=6, 2n—~1 =10, i.e. m = 7/2, n = 1/2, in Problem 4.14.

(7/2)1(1/2) _ 57

Then the required integral has the value 2T() = 35"

: - 4 o r(s/2)r@) _ 8
(b) Letting 2m—1 =4, 2n —1 =5, the required integral has the value ST1/2) TA1/2) - 315"

T T/2
(c) I) costods = 2 f cost9 do.  Thus, letting 2m—1=0, 2n—1= 4 in Problem 4.14, the

21(1/2)1(5/2) _ 3«

value is i 210) =3

. .

5- (p 1) = . .
16 2 if p is an even posi-

/2 T/2 1 3
4.16. Prove f sin? g df = f cos?d df = (a) 5
0 0

2:4-6- (p—) , L
1-35--p if p is an odd positive integer.

tive integer, (b)

From Problem 4.14 with 2m —1 = p, 2n—1 = 0, we have

o _ Iie+yirQ)
ﬁ sinfe ds = ————21‘[%(1’_*_2)]

(@) If p = 2r, the integral equals
rr+Prg) _ —Her—%---3r@) - -rQ@)

2r(r+1) ° 2r(r—1)---1
(27'—1)(27‘—3)---11 13¢5 -(2r—1) 7
2r(2r—2)-+-2 2 T 2:4:6---2r 2
(0) If p=2r+1, the integral equals
I(r +1) (}) o _rr=D-leyz 2e4.6.-.2p
21(r+3) 20+ Pr— P37 T 18¢5---(2r+1)

/2 /2
In both cases L sin?g ds = j; cos? 8 do, as seen by letting ¢ = % - ¢.
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/2 /2 2T .
Evaluate (a) ‘fo cos® 4 da, (b) j:) sin3 6 cos? 0 db, (c) j; sin® 6 dé.

4.17.
. 1357 _ br
(a) From Problem 4.16 the integral equals 5.4:63 — 32 [compare Problem 4.15(a)].
(b) The integral equals
w2 T/2 . w/2 2 2.4 2
i — sin2 = ind - in® = £ _ _ = 2
j; sind ¢(1 — sin2¢) do j(; sind ¢ dg J; sin® ¢ de 1°8 1-3.3 15
The method of Problem 4.15(b) can also be used.
w/2
13577 357
. . sh8 — —_— = = —
() The given integral equals 4 j; sin® ¢ d¢ 4(2. 168 2) 6d
L18. Gi de = — how that T'(p)T(1—p) = — where 0 <p <1.
418. Given 1+2 sin pr’ SHOWCE (p) £(1 = p) sin pw p
. _® _ Y . .
Letting i+ Yy or x -7 the given integral becomes
1
Jwia-vra = Be1-n = rera-p
and the result follows.
4.19. Evalua f — .
uate o T+
Let y*=2x. Then the integral becomes lfm ﬂdw =T ___ T2 by Problem
418 with p = 1. 4), 1+= 4sin (#/4) - 4 )
The result can also be obtained by letting y2 = tan .
? 3 : 167
4.20. Show that f V8 —addx = .
0 9/3
Letting «3 =8y or x = 2y1/3, the integral becomes
1 1
S BT gedy = & ymma—yngy = Sgy
0 0
T(2) (%)
= BII® 8 4y - 8. = 16n.
3 T(2) 9 3 9 sin#/3 9V/3
421. Prove the duplication formula: 2%~ 'T(p)T(p+14) = V= T(2p).
w/2 T/2
Let I = f sinry dx, J = f sin2r 2x dx.
0 /0
M+ 4Vr
= 1 11y = - 2777
Then I $Bp+4,3) 2T + 1)

Letting 2x = u, we find

=1

J~2

Il

But
0

1l

m
f sin??P u du
0

T/2
f (2 sinz cosx)2rde = 22v

22-1B(p+4,p+d) =

= = ]

T/2
f sin?P u du
0

T/2
f sin?P ¢ cos?? & dx
0

22211 (p + §))2
T(2p+1)
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Then since I =J,
T+ Ve _ 2 {I(p+ PP

2pT(p) 2p I'(2p)
and the required result follows.
® cosx 7r
aidad = , 0<p<l
4.22. Prove that j; pr dx 3 T(p) cos (p772) P

_1_ = _1.... ” —1 g—2u
We have = I‘(p)J; ur~le du. Then

PP
“ cos _ 1 R R _ 1 f © up d ;
j(; = de = _I‘(p)J; fo uP—le—2u cos x dudx _I‘(p) ) Tt a2 u (1)
where we have reversed the order of integration and used the fact that
* u
_ - _u_ 9
J;ex“cosxdx e 2)

Letting #2 = v in the last integral in (Z), we have by Problem 4.18

- 1)/2 - _ - -
f l—f-u2 - 2f 140 T 2sin(p+1)2/2 2 cospn/2
Substitution of (3) in (Z) yields the required result.

STIRLING’S FORMULA

4.23. Show that for large n, n!=\/2mnn*e " approximately.

We have 2 ®
I‘(n+1) = f xte~% dx = f enlnx—x dax (1)
0 0

The function % Inx — x has a relative maximum for z = =n, as is easily shown by elementary
calculus. This leads us to the substitution = = n+4y. Then (I) becomes

® 0
I'n+ 1) = e-n f enln(n+y) -y dy = e f eninn + nin(1+y/n) —y dy (2)
-n

-n
«°
- n"e‘"f enin (1+y/m) =y g,
-n

Up to now the analysis is rigorous. The formal procedures which follow can be made rigorous
by suitable limiting processes, but the proofs become involved and we shall omit them.

In (2) use the result
In(l+z) = x——21+——-~ €))
.with z = y/n. Then on letting y = Vnv, we find
rn+1) = n"e‘"fwe—yz/zn’fy"/:‘nz— o dy = mme—n ﬁfw e—v2 + vV — ... g %)
. —n —- VA

When = is large a close approximation is
0
T(n+1) = n"e“"\/'l-z_f e V2dy = 2%mure—n )

It is of interest that from (4) we can obtain the entire asymptotic series for the gamma func-
tion (result 4. on page 68). See Problem 4.36.
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SPECIAL FUNCTIONS AND ASYMPTOTIC EXPANSIONS
4.24. (a) Prove that if >0, p > 0, then

I, = f %p—udu = Su(z) + Ru(x)
where
21 D +1 " +1)- - (p+
Six) = e I{F_ 2o p(fr’” ) _ 4 (1) P a):p”(p n)}
Re) = (1rip+1)tn | o du

ooe_u
j; qu - Sn(x)

(¢) Explain the significance of the results in (b).

(b) Prove that lim a"

X~ co

= lim 2"|R.()|

(a) Integrating by parts, we have

0 . P o0 p—
e u e x e—u e x
I, = f —du = — du = — — pl
? z uP P P r uptl xP Plo+a

Similarly I, = ;_“ @+, sothat
_ e—.’b‘ —2 _ e"x pe‘—'x
Ip - 'x—p - P {xp+1 (p + 1)1p+2} - 2P - xp—.(.f + p(p+ 1)Ip+2

By continuing in this manner the required result follows.

-u

P+ D)ot [ du
x

< plpt+1)--(pt+n)

A

O Bf@)] = po+1) e b [T it

gP+n+l
since f e~vdu = fwe—"du = 1. Thus
z (]
i . + 1D (p+n
Jim o Ry(x)] = lim P ;pH(P N

(¢) Because of the results in (b), we can say that

T e e .zl p pp+1)
L w {x— it e T

i.e. the series on the right is the asymptotic expansion of the function on the left.

4.25. Show that

e /1 1 1-3 1:3-5
erf(@) ~ 1 \/;;(5_2_9:3 2~ et )
We have ' erf () = ‘/_f e~ = —\j:j;z u—12¢~u dy
T
=1 _\/__ :u 12 g~udy

Now from the result (1) of Problem 4.24 we have, on letting p = 1/2 and replacing = by 2,

” -1/2 g—u ~ =1 i_1 1.3 1-3-5 .
j;z “ o™% du (x 2x3+ 225 237 +

which gives the required result.

m

(1)
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Supplementary Problems

THE GAMMA FUNCTION
I(7) () DBIE/2)
21 1(3)’ r(9/2) °

4.26. Evaluate (a) (e) T(1/2)T(3/2)T(5/2).
4.27.  Evaluate (a) f'ﬂw e~ *dx, (b) f z6 e—3zdx, (c) J; 22 e—22% dgp.
o 0

4.28. Find (a) f e de, (b) We“‘/;dx, (c) f ye—2° dy.
Jo 0 0

Tl gt = 4T, s>0
4.29.  Show that .IO o t = 4/2, s>0.
1 1\»!
430. Prove that (a) T(n) = f (ln ;> de, mn>0
0 .
1 q
1 _ T(p+1) _ _
(b) j{; xﬁ(ln;> dx = FEEICEE p>—1, ¢ > -1

1 1 1
431. Evaluate (a) I; (Inx)tdx, (b) f (x Inx)3de, (c) f \3/ In (1/x) dx.
. 0 0

432. Evaluate (a) I'(—7/2), (b) T(-1/3).
433. Prove that lim |[T(x)] = <« where m =0,1,2,8,....
T—>—m

. . e . . (—1)m2m+/7
N— 1) =
4.34. Prove that if m is a posxtlye integer, T(—M+{) 1°3+5 - @m—1)

4.35. Prove that 1'(1) = f e T Inx dr is a negative number. (It is equal to —y, where y = 0.577215...
0

is called Fuler’s constant.)

4.36.  Obtain the miscellaneous result 4. on page 68 from the result (4) of Problem 4.23.

[Hint: Expand eV — in a power series and replace the lower limit of the integral by —e«.]

THE BETA FUNCTION
437. Evaluate (a) B(3,5), (b) B(3/2,2), (c) B(1/3,2/3).

1 -1 2
438. Find (a) f 22(1 —x)3 de, (b) J VA —x)/x dx, (¢ f (4-- x2)3/2 dg.
) [ 0 Jo

4 +3
dx
4.39. Evaluate (a) [ ud/2(4 — u)3/2 du, (b) —_—
Vo 0 V3x — a2

J dy  _ {r/4))
0 Vat—yt B 4a\/§ ’

440. Prove that

/2 2m
441. Evaluate (a) J sint ¢ cos? 6 do, (b) f cos® 6 do.
Jo 0

. T /2
442. Evaluate (a) f sin® ¢ do, (b) f cos® ¢ sin2 ¢ do.
0 0
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/2 /2
443. Prove that (a) f Vtan ¢de = V2, (b) f tan? g dg = % sec%l , 0<p<1l.
0 0

o« 0 2
444. Prove that (a) f L S f vy T
0 0

1+x6 3\/5

0 2 2
4.45. Prove that f e = 7 where a,b > 0.

o dy = ——————,
e @€ + b v 3V/3 a2/3b1/3

0

2
i [Hint: Differentiate with respect to b in Problem 4.45.]

_ 2
446. Prove that f_wmdx = . \/§

SPECIAL FUNCTIONS AND ASYMPTOTIC EXPANSIONS

- 2(,__= A (AT
447. Show that erf(w)'-\/;(‘” 3.1!+5.2! 7.31+ >

448.  Obtain th toti ion Eiw) ~ (1 -2 8L,
48. ain the asymptotic expansion iz o T2 A .
449. Show that (a) Si(—=) = —Si(z), (b} Si(=)= /2.

450. Obtain the asymptotic expansions

Six) ~ T — M(Lﬁ! -1 ) _m<1_?i+él_ )

2 z \z 3 ' x5 x x2 ozt
: cosz(L 31 51\ _sinzf 2t 4
Cil@) x (m x3+x5 ) x (1 x2+x4 )
451, Show that { S1%gy = z
ow that f 202de = o 0 <P <1

452. Show that f sinz?2dx = f cosx2dy =
0 0

[\-F Rl
M E!

453. Prove that 1lim ;ﬁ— =

N =0 n!

[\



Chapter 5

Fourier Integrals and Applications

THE NEED FOR FOURIER INTEGRALS

In Chapter 2 we considered the theory and applications involving the expansion of a
function f(x) of period 2L into a Fourier series. One question which arises quite naturally
is: what happens in the case where L~ «? We shall find that in such case the Fourier
series becomes a Fourier integral. We shall discuss Fourier integrals and their applications
in this chapter.

THE FOURIER INTEGRAL
" Let us assume the following conditions on f():

1. f(x) and f’(x) are piecewise continuous in every finite interval.
2. f_ |f(x)] dx converges, ie. f(x) is absolutely integrable in (—o, «).

Then Fourier's integral theorem states that

fl) = J;w {A(a) cos ax + B(a) sin ex} de (1)

‘ Ale) = %fj f(z) cos ez dx
where : (2)
B = 1 f " f(@) sinez da

The result (1) holds if = is a point of continuity of f(x). If « is a point of discontinuity,

f(x+0); fz—0) as in the case of Fourier series. Note that

we must replace f(x) by
the above condifions are sufficient but nof necessary.

The similarity of () and (2) with corresponding results for Fourier series is apparent.
The right-hand side of (1) is sometimes called a Fourier integral expansion of f(zx).

EQUIVALENT FORMS OF FOURIER’'S INTEGRAL THEOREM
Fourier’s integral theorem can also be written in the forms

f_ofu_w u) cos o(z — u) du da (%)

0 = 207 fuyee aud

f(z) = % e daf f(u) e~ du (4)

80
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where it is understood that if f(z) is not continuous at z the left side must be replaced
by [E+0 H 120

These results can be simplified somewhat if f(x) is either an odd or an even function,
and we have ‘

fle) = 2 j;w sin oz da j;w f(u) sin au du if f(x) is odd )

™

fle) = 2 j: cos ax da j;w f(u) cos au du if f(x) is even (6)

™

FOURIER TRANSFORMS
From (4) it follows that if

F@) = [ faye o du | )

then f@) = o f_i F(e) € da (8)

The function F(e) is called the Fourier transform of f(x) and is sometimes written
F(a) = F{f(x)}. The function f(x) is the inverse Fourier transform of F(e) and is written

f(x) = FH{F(a)}.

Note: The constants 1 and 1/2r preceding the integral signs in (?) and (8) could be
replaced by any two constants whose product is 1/2x. In this book, however, we shall keep
to the above choice.

FOURIER SINE AND COSINE TRANSFORMS
If f(x) is an odd function, then Fourier’s integral theorem reduces to (5). If we let

Fyla) = f f(u) sin au du 9)
then it follows from (5) that

fe) = 2 f F\(a) sin az da (10)

We call F(a) the Fourier sine transform of f(x), while f(x) is the inverse Fourier sine trans-
form of F(a).

Slmzlarly, if f(x) is an even functlon, Fourier’s integral theorem reduces to (6). Thus
if we let

f f(u) cos au du (11)
0
then it follows from (6) that

flx) = 2 f F(a) cosax da - (12)

We call F(«) the Fourier cosine transform of f(x), while f(x) is the inverse Fourier cosine
transform of F (). :
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PARSEVAL’S IDENTITIES FOR FOURIER INTEGRALS

In Chapter 2, page 23, we arrived at Parseval’s identity for Fourier series. An anal-
ogy exists for Fourier integrals.

If F(«) and G(e) are Fourier transforms of f(x) and g(x) respectively we can show that
S @@ = 3 [ F@EE da )

where the bar signifies the complex conjugate obtained on replacing ¢ by —i. In particular,
if f(x) =g(x) and hence F(a) = G(z), then we have

[ rord = LS PP da | (14)

We can refer to (14), or to the more general (13), as Parseval’s identity for Fourier in-
tegrals.

Corresponding results can be written involving sine and cosine transforms. If F(a)
and Gg(a) are the Fourier sine transforms of f(x) and g(x), respectively, then

2 @0
f f@) o) de = 2 fo Fy () Gy(e) da (15)
Similarly, if F.(a) and G () are the Fourier cosine transforms of f(x) and g(x), respec-
tively, then . 9
de = F( d
S @@ dn = 2§ F.(@Gole) de (16)
In the special case where f(x) = g(%x), (15) and (16) become respectively
@ . _ g @ .
S voya = &) e N
«© 2 o«
S veya = 2f @) 19)

THE CONVOLUTION THEOREM FOR FOURIER TRANSFORMS
The convolution of the functions f(z) and g() is defined by

j: fu) g(x —u) du 19)

An important theorem, often referred to as the convolution theorem, states that the Fourier
transform of the convolution of f(x) and g(«) is equal to the product of the Fourier trans-
forms of f(x) and g(x). In symbols, '

Fif*gy = F{fAF{g} : (20)

The convolution has other important properties. For example, we have for functions
f, g, and h:

f*9 = g*f, f*(9*h) = (F*9)*h, f*(9+h) = f*g+f*h (21)

i.e., the convolution obeys the commutative, associative and distributive laws of algebra.

APPLICATIONS OF FOURIER INTEGRALS AND TRANSFORMS

Fourier integrals and transforms can be used in solving a variety of boundary value
problems arising in science and engineering. See Problems 5.20-5.22.
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Solved Problems

THE FOURIER INTEGRAL AND FOURIER TRANSFORMS

5.1.

5.2

5.3.

Show that (1) and (3), page 80, are equivalent forms of Fourier’s integral theorem.

Let us start with the form

1 o0 0
fle) = p f f f(u) cos alx — u) duda (1)
=0vu=—o
which is proved later (see Problems 5.10-5.14). The result (1) can be written as
flx) = -]—'fm fw f(u)[cos ax cos au + sin ax sin au] du da
Tg=0Vu=—w
or flz) = f “ {A(a) cosax + Bl(a) sin ax} de @)
- a=0

where we let

Aa)

Il

lfw f(u) cos au du
w )
B = % f_ f(u) sin au du

Conversely, by substituting (3) into (2) we obtain (7). Thus the two forms are equivalent.

Show that (3) and (4), page 80, are equivalent.

We have from (3), page 80, and the fact that cosa(x — u) is an even function of a:
flmy = é%fjw f_: f(u) cos a(x — u) du da $))
Then, using the fact that sin a(x — #) is an odd function of «, we have
| 0 = o= f_“; f_ Z f(w) sin a(e — u) du do @)
Multiplying (2) by 1 and adding to () we then have 4

fley = EI;LZ fj f(u)[cos a(x —u) + 1 sina(x— u)] du da

= —1—-f f flu)eiatz—u) dy do
2# —on -

Similarly we can deduce that (8), page 80, follows from (4).

Find the Fouri N
(a) Find the Fourier transform of f(z) = 0 jz|>a
(b) Graph f(z) and its Fourier transform for a = 3.

() The Fourier transform of f(x) is

o 123 — a
Fa) = f fe=iendy = f (e—toudy =
—w -a —W |-q
iaa — g—iaa i
= 2__'9_1_ = 2§M, a0 ¢
w 22

For o« =0, we obtain F(a) = 2a.
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(b) The graphs of f(x) and F(a) for @ =3 are shown in Figs. 5-1 and’ 5-2 respectively.

(@) F)
] :
2 —
1
T
0 1 x
| T | 1 T v
-3 -2 -1 1 2 38
Fig. 5-1 Fig. 5-2
54. (a) Use the result of Problem 5.3 to evaluate f &‘wfw da.

(b) Deduce the value of f s:::u du.
. 0

(a¢) From Fourier’s integral theorem, if
Fa) = f f(u)e ieu dy then flxy = §1;f F(a)eior dg

Then from Problem 5.3,

. 1 2] < @
_1_f sinea ... - -
5r ). 2_a eierdy = 1/2 |z|=a (1)
0 |2| > a
The left side of (1) is equal to
% . . © . N
lf sin a@ cos ax do + f sin aa sin ax de @)
TJ - a TJ— a

The integrand in the second integral of (2) is odd and so the integral is zero. Then from
(1) and (2), we have

. T 2] < a
J‘ singa cosaw . _ /2 |x|=a (€)]
— ., a
0 2| > a

(0) If « =0 and ¢ =1 in the result of (a), we have

] 0 °© .
sSin 111 T
f ——da = 7w or s—ada = =
-0 @ 0 a 2

since the integrand is even.

5.5. (@) Find the Eourier cosine transform of f(x)=e ™, m > 0.

(b) Use the result in (@) to show that
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5.6.

() The Fourier cosine transform of f(x) = e~mz is by definition
Fe(@ = f e~ mu cos au du
0

e—mu(—m cosaut + a sinau)|”
m2 + a2 0

() From _(12), page 81, we have

3 |

f Fe(a) cos ax da
()

2 mcosmcd
rJy m2+ a2

«©
COS a¥ T
ie. ————da = H—e™ ™M
,I(; m? + o? 2m

or e—mr =

Replacing « by v, # by p, and m by 8, we have

f vczo_s!_p;dv = ‘2‘56 B, p>0, >0
0

Solve the integral equation

® . d _ l—a 0=a=1
j; f(x) sinaxdx = 0 > 1
If we write ‘
o 1—a 0=a=1
Fga) = J; f(x) sinax dx = { 0 > 1

then, by (10), page 81,

fl=) %J; Fg(a) sin ax da

9 !
= —f (1 — o) sinax da
7 Jo

2(x — sinx)
X2

THE CONVOLUTION THEOREM

5.7.

Prove the convolution theorem on page 82.

‘We have by definition of the Fourier transform

F(a) = j‘_w f(u)e-iaudu, G(a) = Lw g(v)e"iavdv (1)

Then F(a)Gla) = fw fj f(u)g(v)e-i"("’f"’dudvr (€4

Let u+v =2 in the double integral (2) which we wish to transform from the variables (u, v) to
the variables (u,x). From advanced calculus we know that

dudv = SEZ :;;d d )
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where the Jacobian of the transformation is given by

ou o
du,v)  _ ou  om _ ‘1 of _
a(u, x) W av 1

F

Thus (2) becomes © ©
F() Gla) = f_ f_ fu) glx — u)e— oz du dx

= [ [ rwoe—w du | ds
= 5 {f_ £() gl — ) du}

= Fl{f*g}
where f*g = f f(u) g(x —u)du is the convolution of f and g.

From this we have equivalently

f*g

i

FUF (o) Gla)}

1 f TR (a) Gla) da
27 ) -

58. Show that f*g=g9g%*f.

Let z—wu=v. Then

f*rg = f_mf(u)g(x—u)du = f_wf(x—'v)g(v)d'v

= J‘_ o) fle—v)dv = g*f

5.9. Solve the integral equation
y(x) = gx) + f_ y(w)r(x —u) du
where g(x) and r(x) are given.

Suppose that the Fourier transforms of y(z), g(x) and r(x) exist, and denote them by Y(a),
G(a) and R(a) respectively. Then, taking the Fourier transform of both sides of the given integral
equation, we have by the convolution theorem

Y = Gla) + Y(a) B(a) or Y( = lf(g(a)
- wo = po{fast - Lf" [0 ea

assuming this integral exists.

5.10. Solve for y(x) the integral equation
0. TS

r—u) + a x? + b*
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We have
1 _ ©  eTiax _ oS at T ba
7:{:1024-!12} - f_w x2+b2 - 2f EEach b°

on making use of Problem 5.5(b). Then, taking the Fourier transform of both sides of the integral

equation, we find
1
P {x2 + a2} - T{xZ + b‘!}

a
ie. Y(a)ze“w‘ = e ba or Y(a) = Z—e_(b—“)“
a

A
b

Q0 0 b .
Thus ylx) = .21_7 f elrY (a) da = % f e—(b-) cos axr dae = ZT—[HX—WT
- 7 Jo 7

PROOF OF THE FOURIER INTEGRAL THEOREM

5.11. Present a heuristic demonstration of Fourier’s integral theorem by use of a limiting
form of Fourier series.

Qg ol nwx .. MT%
= = LR a7y 1
Let f(x) 5 + n=21 <an cos —- b, sin T > (1)

L
1 nru I . NIl
= = - = = —— du.
where @, LJ.—L f(u) cos I du and b, Lf_L f(u) sin T du
Then by substitution of these coefficients into (1) we find

fl) = 2Lf fw)du + E f f(u) cos ZZ (u—x) du @)

If we assume that f |f(u)| du converges, the first term on the right of (2) approaches zero as

L - «», while the remaining part appears to approach

h'm - E f(u) cos X (u —z) du ’ £3)

L—»oo
This last step is not rigorous and makes the demonstration heuristic.

Calling Ae = #/L, (3) can be written

f@) = ALir_{lo nél Aa F(n Aa) oW
where we have written
Fla) = _71;[:0 f(u) cos a(u — x) du 4)
But the limit (4) is equal to
% 10 %
’ flx) = J(; F(@)da = ;J(; da J_._w f(u) cos a(u — x) du (6)

which is Fourier’s integral formula.

This demonstration merely provides a possible result. To be rigorous, we start with the deuble
integral in (6) and examine the convergence. This method is considered in Problems 5.12-5.15.

0

L - .
. sSin a?v kg ; . Sin av
512. Provethat: (o) lm f 2%gp =7 () lim gy =T
amro0 e/ Q a0 o —L v 2
L sin av oL sin * si
(@) Let av =y. Then lim =5 dv = lim Py = f gy = I, as
A= Y0 a=+ oo 0 Yy 0 Yy 2

can be shown by using Problem 5.40.
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o . ' aL .
v
() Let av=—y. Then 1lim | “——dv = lim f iy = I
a—+xv —L v [1] Yy 2

o~

5.13. Riemann’s theorem states that if F(z) is piecewise continuous in (g, b), then

b
lim F(x)sinaxdx = 0

with a similar result for the cosine (see Problem 5.41). Use this to prove that

sin av

(@ lim , f(x+v) dv = %f(m-f-O)
(b) lim _of(x+ )Sm"‘”dv = Zf@—0)

where f(2) and f’(z) are assumed piecewise continuous [see condition 1. on page 80].

() Using Problem 5.12(a), it is seen that a proof of the given result amounts to proving that

L
lim . {flz+v) — f(x+0)}smwdfu = 0

0 =+ oG

This follows at once from Riemann’s theorem, because F(v) = fz+v) ; f(z +0) is piecewise
continuous in (0, L) since 111(1;1+ F(v) exists and f(x) is piecewise continuous.
V-

(b) A proof of this is analogous to that in part (a) if we make use of Problem 5.12(b).

5.14. If f(x) satisfies the additional condition that f |f(x)| dx converges, prove that

(a) lim j;wf(x+ Sm"”dv = 3H(@+0), (b) lim " et )Sm”‘” dv = Zf(@—0).

(@) We have

L . . ) .
j; fa+v) TRy = fo fla+) v + fL fler +v) = dv )

@ . L . © .
fo f(z+0) —-—s“;‘“’ v = fo fla+0) =" dv + fL flo+0) S do 6)

Subtracting,
"t — a0y SR g, (8)
0

f Fa+v) — flz+0)} B gy f (i +v) SRV gy L f(x + 0) 5“;—"‘”@

Denoting the integrals in (3) by I, I, I, and I respectively, we have I =1I,+1I,+1 3 so that
Il = L] + |I| + |1
J,

|f(x+0)|UL°° Sin#‘“’d'vi

0 L] .
Since j:) |f(z)|dx and J; &dev both converge, we can choose L so large that |I| <¢/3

[I3] = /3. Also, we can choose a so large that |I;] = ¢/3. Then from (4) we have |I| < e for a
and L sufficiently large, so that the required result follows.

“4)

Now | IZI sin av

IIA

flx +v) —— [dv

[IA

Zf Ve+ola

1A

Also 14
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(b) This result follows by reasoning exactly analogous to that in part (a).

5.15. Prove Fourier’s integral formula if f(x) satisfies the conditions stated on page 80.

x+0) + f(x—0)
We must prove that hm n_f f f(u) cos a(x —u)duda = A ) ) ( .
—O el = o
Since f f(u) cos a(x —u)du| = f |f(w)| du, which converges, it follows by the Weier-
strass M test for integrals that f(u) cos a(® — u) du converges absolutely and uniformly for all a.

We can show from this that the order of integration can be reversed to obtain

L % ® L
%Lﬂdafu:_wf(u) cosalx —u)du = -:—'J:F_wf(u)duL=ocos<x(m—u)du

- lf smL( )du

X

_ 10 sva
= ”fw_ £l + v) SBLY
0 . 0 .
= lf fo+v) S gy 4+ 1f flz+v) B2 g,
T v T Jy v

where we have let u = x+ v.

+0) + fl@—0
Letting L — «, we see by Problem 5.14 that the given integral converges to fl ) ) A )

as required.

SOLUTIONS USING FOURIER INTEGRALS

5.16. A semi-infinite thin bar (x = 0) whose surface is insulated has an initial temperature
equal to f(x). A temperature of zero is suddenly applied to the end =0 and
maintained. (a) Set up the boundary value problem for the temperature u(z, t) at any
point x at time {. (b) Show that

u(x,t) = %fo j; f(w)e™ ™t gin A sin Ax dA dv

() The boundary value problem is -

du %y
at a2

£>0, t>0 (1)
wx,0) = f(x), w0, t) =0, |uxt) <M (2)
where the last condition is used since the temperature must be bounded for physical reasons.
() A solution of (1) obtained by separation of variables is
u(®,t) = e *Nt(A cos \x + B sin\x)
From the second of boundary conditions (2) we find A =0 so that

u(x,t) = Be—*t ginax ®

Now since there is no restriction on A we can replace B in (3) by a function B(\) and still have
a solution. Furthermore we can integrate over A from 0 to «» and still have a solution. This
is the analog of the superposition theorem for discrete values of A used in connection with
Fourier series. We thus arrive at the possible solution

u(z,t) = J; B(\)e— %t gin Az dA 4)
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From the first of boundary conditions (2) we find
flx) = f B(7\) sin Ax dA
(1}

which is an integral equation for the determination of B(\). From page 81, we see that since
f(x) must be an odd function, we have

BO) = 3f°°f(x) siniz dy = gfwf(v)sinxvdv
7 Jo 7 Jo

Using this in (4) we find
k u(x, t) = gf f f(v)e— Nt gin Av sin Az dA dv
T Jo 0

5.17. Show that the result of Problem 5.16 can be written

u(z,t) = \—}—;[ f_ :2 e fewV/«t +x)dw — f; - e~ f(2w/xt —2) dw]

Since sinAvsinix = JcosA(v—x) —cosA(v+x)], the result of Problem 5.16 can be
written

u(z, t) %j;w j;w f(v)e= N [cos A(v — ) — cos A(v + 2)] dAdv

= lf f(v) [f e~ N\t cog N(v—a) N — f =K\t cos A(v + ) d)\] dv
TJo 0 ]

From the integral
f e~ cos BAdN = l.\ ’ T g—B*/4e
0 2 a

(see Problem 4.9, page 72) we find

1 ® e
u(x,t) = f v)e—(w—2) 4kt dy — f —(w+x)? /4t
2\/@[ 0 (@) A f(v)e v
Letting (v—x)/2\/x—i = w in the first integral and (v + x)/2\/;t = w in the second integral,

we find that .
1 * 2 ® 2
ufx,t) = = [f_x/m—t e f2wV/xt + 2)dw — f e FCwVxt — x) dw]

x/

. 5.18. In case the initial temperature f(z) in Problem 5.16 is the constant u,, show that
Qo (CF/2VE ,
uz,t) = ﬁj; e v'dw = woerf (x/2\/xt)
where erf (z/2V/xt) is the error function (see page 69).

If f(z,t) = w,, we obtain from Problem 5.17

L)

U, )
u(z, t) = *l[f e~ dw — f e—w? dw]
Vr | Jezevia z/2Vkt

uy (z/2Vit Qu, (x/2Vkt
- Vo -anva oidw = \/_ﬁ b e~w'dw = ugerf (@/2Vkt)
- Ki T

We can show that this actually is a solution of the corresponding boundary value problem (see
Problem 5.48).
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4

5.19. Find a bounded solutlon to Laplaces equation VW= O for the half plane y>0
(Flg 5-3) if v takes on the value f(x) on the z-axis. =

'

The boundary value problem for the determina-
tion of v(x,y) is given by

e dy2

o(z,0) = f@),  |p(zy) < M

= 0

To solve this, let v = XY in the partial differential
equation, where X deperids only on 2 and Y depends

only on y. Then, on separating the variables, we have , , o(x, 0) = f(x)
X" Y ‘ o ;
. LY - - Fig.5-3

Setting each side equal to =A2 we find
. X + A2X = 0, Y —22Y =

so that X = ajcosdx + bysinde, Y = agel + bye~M

Then the solution is . . )
v(@,y) = (@ cosha +, by sin x)(wged? + bye—rv)

If A >0 the term in e™ is unbounded as ¥y — «; so that to keep v(x,y) bounded we must have
a; = 0. This leads to the solution

v(x,y) = e M[A cosix + B sin m]

Since there is no restriction on A, we can replace A by A(\), B by B(A) and 1ntegrate over \ to
obtain

v(x,y) = ﬁw e M[A(N) cos Az + B(A) sin Ax] d)\ : (1)
The boundary condition | v(z, 0) = f(x) ~yields |
J;w [A(A) cos Az + B(\) sin ] dA - f(x)
’Thus, from Fourier’s integral tileorem we find ‘
A = %f: flycosuwdu, By = 1 i Fla) sin r du
" Putting these in (1) we have finally:" ’ .

o(z,y) = lf_of ef) cosrw—2) dudn @

5.20. Show that the solutioﬁ to \Pro‘blem 5'.19 can be written in the form

k : _’u(m,y)l = 1fmy _ﬁ/(fu 7 d"u

Write the result (2) 6f Problem 5 19 as

v(x, ) = ;1; f(u)[f e~ M cosx(u x)dx:ldu - 1)

Then by elementary mtegratwn we have

\~

: o« e . . ¥ : ’ o X
| »J; ¢~ cos )\( x)dn = —————~—y2 ey Fp——_ (?)
50 that (7) becomes | (e, y) o = }_f yf (u) =) du ()]
: : - T —X - cLTE
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SOLUTIONS BY USE OF FOURIER TRANSFORMS
5.21. By taking the Fourier transform with respect to the variable x, show that

v _ > o v — .2 _a_/li = a—
@ #(Z) = wron ® 7(Z) = wro. @ 7(5) = Frw
(@) By definition we have on using integration by parts:
dv _ TV i
¥ <5-x—> = le 6—:;6 dx

k) o0
+ i« f ve X dx
— -

-]

0
= da f ve ~iox dy
~= 00

= i F@)

where we suppose that v > 0 as x - =,

— e*iaxv

(b) Let v = dw/da in part (a) then

2w . ow - i)2
T(m) - wff‘<%> (ia)? F(0)

Then if we formally replace w by v we have

02v Ly
T(m) = ()2 Fv) = —a?Flv)
provided that v and Z—Z -0 as x = *o,
In general we can show that
FE2) = (o Fw)
dxm . *
F:] n—1
if v, 5;_—, ceey gxn—_llj—)o as x — *w,

(¢) By definition
v _ v . I Y G _ 8
T(a—t> = f_m Fric ior gy = a—tf_wve fardy = ath(’U)

522. (a) Use Fourier transforms to solve the boundary value problem
ou u
ot = Ké—x—z’ u(x, 0) = f(x)! ]u(x! t)l <M

where —o <x <, t>0. (b) Give a physical interpretation.

(e) Taking the Fourier transform with respect to x of both sides of the given partial differential
equation and using results (b) and (¢) of Problem 5.21, we have

Lrw = —oFw) o)

where we have written the total derivative since F(u) depends only on ¢ and not on . Solving
the ordinary differential equation (1) for F(u), we obtain

F(u) = Cexo’t (2)
or more explicitly l
Flu(x, )} = Ce—ra’t ®)



-

CHAP. 5] FOURIER INTEGRALS AND APPLICATIONS 93

5.23.

Putting t =0 in (3) we see that

Flulr,0)} = Flfx)} = C )

I

so that (2) becomes

il

Flu} = F{fre—xat (5)

We can now apply the convolution theorem. By Problem 4.9, page 72,

1 2

—ka®t  — J —(x2/4xt) 6

e T{ drut ¢ } (©)
_ ; 1 sy — fw 1 —[(x—~1)2/4xt]

Hence ulx,t) = fla)* 4 ’ ot x = _wf(w) ymrl <t} daw 7)

If we now change variables from w to 2z according to the transformation (x — w)2/4xt = 22 or
(x ~w)/2V«t = 2, (?) becomes

w(x,t) = %fw e~ flx — 2/xt) dz (8)

T

(b) The problem is that of determining the temperature in a thin infinite bar whose surface is
insulated and whose initial temperature is f(x).

An infinite string is given an initial displacement y(x,0) = f(z) and then released.
Determine its displacement at any later time .

The boundary value problem is

32 02
o = @55 ()
ylx,0) = f(x), we(x,0) =0, |ylx, ) < M (2)

where —x <z <w, t>0.

Letting y = X7 in () we find in the usual manner that a solution satisfying the second bound-
ary condition in (2) is given by

y(x,t) = (A cosrx + B sin Ax) cos \at

By assuming that A and B are functions of A and integrating from A =0 to » we then arrive
at the possible solution

ylx, t) = J;w [A(\) cos xx + B()) sin Az] cos Aat dn (%)
Putting ¢t =0 in (3), we see from the first boundary condition in (2) that we must have
flx) = J:o [A(\) cos ax + B()) sin Az] dn
Then it follows from (1) and (2), page 80, that

1 0 =0
ap =1 f f0) cosrvdn, By = 2 f f(v) sin Av dv @
where we have changed the dummy variable from z to v.

Substitution of (4) into (3) yields

1 0 0 : .
Yy, t) = ;L f f(v)[cos \x cos Av + sin A sin A\v] cos Aat dv dr
= %;f f f(v) cos A& — v) cos \at dv d\
1) -0

= %fo f_ f@)eos Mz + at —v) + cos Az — at — v)] dv dx
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where in the last step we have used the trigonometric identity

cos A cosB = 2[

with A = Mz —2) and B = Aat.

L (cos (4 +B) + cos (4 — B)]

By interchanging the order of integration, the result can be written

Yo, t) = 51;1; wa(v)cosx(x+at—v)dvd)\

%;J;w f—i f(v) cos Max — at — v) dv dA (5)

But we know from Fourier’s integral theorem [equation (3), page 80] that

1f f fw) cos Mz — v) dv da

Then, replacing x by x+ at and x — at respectively, we see that (5) can be written

ylx, t) = %[f(x +at) + f(x— at)]

which is the required solution,

Supplementary Problems

THE FOURIER INTEGRAL AND FOURIER TRANSFORMS
{1/ 2¢ [xl <1

5.24. (a) Find the Fourier transform of f(x) 0 e >1°

(6)

(b) Determine the limit of this transform as e - 0+ and discuss the result.

1 — a2 |2| <1
5.25. (a) Find the Fourier transform of f(x) =

(b) Evaluate f <w—_sm_x> cos—;c—dx.
0

23

0 =1

0 lw] > 1°

1 0=s«<1
5.26. If f(x) = { find (a) the Fourier sine transform,

(b) the Fourier cosine trans-

form of f(z). In each case obtain the graphs of f(x) and its transform.

527. (a) Find the Fourier sine transform of e—*, x = 0.

* 2 sin mx T _

, m >0 by using the result in (a).

(¢) Explain from the viewpoint of Fourier’s integral theorem why the result in (b) does not hold

for m= 0.

5.28.  Solve for y(x) the integral equation

1 0st<1
f yx) sinxt de = 2 1=st<2
° 0 tz

and verify the solution by direct substitution.
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529. If F(a) is the Fourier transform of f(x) show that it is possible to find a constant ¢ so that
F(x) = f(z) = ce—*".

PARSEVAL’S IDENTITY

(x2+1)2’ x2 + 1)2
[Hint. Use the Fourier sine and cosine transforms of e=%, « > 0.]

0 0 2
5.30. Evaluate (o) f 9 __ (v) f (_ac_ﬂc__ by use of Parseval’s identity.
0 0 \

m
x T4

o _ 2 0 g
5.31. Use Problem 5.25 to show that (a) f <l_____c_os_x> dx = %, (b) f siu;chdx =
0 0

0 _ . 2 ’
532. Show that f @eosz —sina)? 5 = 1
o x 15

5.33. Prove the results given by (a) equation (13), page 82; (b) equation (14), page 82.
5.34. Establish the results of equations (15), (16), (17) and (18) on page 82.

CONVOLUTION THEOREM

1 Jof <1
5.35. Verify the convolution theorem for the functions flx) = g(x) = {O o > 1°

5.36.- Verify the convolution theorem for the functions f(x) = g(x) = e—2".

5.37.  Solve the integral equation f yu)yle —u) du = e

538. Provethat f*(g+h) = f*g+f*h.
539. Provethat f*(g*h) = (f*g)*h.

PROOF OF FOURIER INTEGRAL THEOREM

540. By interchanging the order of integration in f . f . e~ % giny dx dy, prove that
y= z=
“siny T
MMYgy = Z
fo Y 2
and thus complete the proof in Problem 5.12.

541. Let n be any real number. Is Fourier’s integral theorem valid for f(x) = ¢ *"? Explain.

SOLUTIONS USING FOURIER INTEGRALS
542. An infinite thin bar (—» < < «) whose surface is insulated has an initial temperature given by

@) = {uo la] < a

0 |zl2a

Show that the temperature at any point x at any time ¢ is

Up x+a x—a
w(z,t) = '2—[erf ——W) — erf s :]
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543.

Al

5.45.

5.46.

547.

5.48.

5.49.

' B.50.

5.51.

552,
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A semi-infinite solid (x> ()) has an initial temperature given by f(x) = uoe“bxz. If the pliane face

(¢ =0) is insulated show that the temperature at any point x at any time ¢ is

U
u(x,t) = ——e—bxz/(1+4xb§)

V14 4xbt

Solve and physically interpret the following boundary value problem:

02u u . L
Frol d—y—z = 0 ?/> .0
’ =1 <0 [ (&) < M
0 = - o u(ee,
U 0) 1 230 y
(o0 m<0
Show that if u(x,0) = “in Problem 5.44, then
' uy >0 -
s \ ’ 0 Yo
) - = — - -1 2
' - ulx,y) 5 + - tan
. 0 S 1
Work Problem 5.44 if w(x,0) = <1 =1<x<1.

0 x>1

The region bounded by x> 0,. y > 0 has one edge =0 kept'at potential zero and the »other
edge y¥.= 0 kept at potential f(x). (@) Show that the potential at any peint (x,y) is given by ‘

. [ (e ) .
‘p(w,'y) = ;J; yf(’”)[:(,u_m)2+y2 - (v+x)2+y2:]d” ‘

(b) If f(x) =1, show that v(x,y) = gtan'lx

w

Verify that the result obtained in Problem 5. 18 1s actually a solution of the eorrespondlng boundary
value problem. .

The lines ¥y =0 and y = a in the xy-plane (see Fig. : Y
5-4)° are kept at potentials 0 and f(x) ‘respectively.
Show that the potentlal at points (x,y) between these
lines is given by

= f(z)

v(x, @)

v(x,y)

1 f f sinh Ay .
—o f( ) sinh g <°8 Mu~ x) du d>\ | Fig. 5-4

- ,An infinite string c01nc1d1ng with the x-axis is given an initial shape f(=) and an initial velocity g(zx). -

Assuming that gravity is neglected, show that the displacement of any point x of the string at
time t is given by

. x+tat .
v t) = Glf+at) +f@—an) + o J; . 9t du

Work Problem 5.50 if gravity is taken into account.

i

A semi-infinite cantllever beam (x> 0) clamped at o= 0. is given an initial shape f(x) and released

Find the resulting dlsplacement at any later time ¢,



Chapter 6

Bessel Functions and Applications

) BESSEL’S DIFFERENTIAL EQUATION

Bessel functions arise as solutions of the differential equation
2y + oy +(@2—n2y = 0 nz0 3]
which is called Bessel’s differential equation. The general solution of (1) is given by
' ¥ = aa(@) + Yo (2) (@)

The solution J.(x), which has a finite limit as « approaches zero, is called a Bessel function
of the first kind of order n. The solution Y.(x), which has no finite limit (i.e. is unbounded)
as x approaches zero, is called a Bessel function of the second kind of order n or a Neumann
function.

If the independent variable z in (1) is changed to Az, where X is a constant, the resulting
equation is
22y’ +xy + (N2 —n?)y = 0 (3)
with general solution
Yy = cJn(AZ) + c2Yn(A) (4)

The differential equation (1) or (3) is obtained, for example, from Laplace’s equation
V2u = 0 expressed in cylindrical coordinates (p, $,2). See Problem 6.1.

THE METHOD OF FROBENIUS

An important method for obtaining solutions of differential equations such as Bessel's
equation is known as the method of Frobenius. In this method we assume a solution of the
form

y = 2 aakts (5) -
k=—ow
where c¢. =0 for k<0, so that (5) actually begins with the term involving ¢, which is
assumed different from zero.

By substituting (5) into a given differential equation we can obtain an equation for the
constant B (called an indicial equation), as well as equations which can be used to determine
the constants ¢.. The process is illustrated in Problem 6.3.

BESSEL FUNCTIONS OF THE FIRST KIND
We define the Bessel function of the first kind of order n as

x" L >
Infz) = m{l T 3@nto) T T AEnTo@n+4) } ©

97
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= (1) (@/2) "2 '
or Jn(x) = Em (7)

where I'(n + 1) is the gamma function (Chapter 4). If » is a positive integer, T(n +1) =n!,
Ir(l)=1. For m =0, (6) becomes

x? xt xb
Jo@ = 1-mtop ~ et (8)

The series (6) or (7) converges for all . Graphs of
Jo(x) and Ji(x) are shown in Fig. 6-1. y

If » is half an odd integer, J.(x) can be ex-
pressed in terms of sines and cosines. See Prob-
lems 6.6 and 6.9.

A function J-.(z), n >0, can be defined by re-
placing n by —n in (6) or (7). If n is an integer,
then we can show that (see Problem 6.5) -1

J-n(@) = (~1)"a(x) ) " Fig.6-1

If » is not an integer, J.(x) and J-.(x) are linearly independent, and for this case the
general solution of (1) is

= AJ.(2) + BJ () n+0,1,23, ... (10)

BESSEL FUNCTIONS OF THE SECOND KIND

We shall define the Bessel function of the second kind of order = as

Jo() cosnr — J—n(2)

" n-+0,1,23, ...
. JIp(x) cospr — Jp(x _
1‘1_12 sin o n=20,1,23,...
For the case where »=10,1,2,8,... we obtain the following series expansion for Ya(x):
2 1S (m—k—1)! (x/2)%~n
T k=0 ¢

12
iy (x/2)2k+n (12)

1

where y =0.5772156... is Euler’s constant (page 68) and

1 1 1
(13) 1 .
. Yo(x)
Graphs of the functions Yo(z) and Yi(z) are Yy (=)
shown in Fig. 6-2. Note that these functions, as 0 6 71

well as all the functions Y, (x) where »n > 0, are un- ' §

bounded at x = 0.

If n is half an odd integer Y.(x) can be ex-
pressed in terms of trigonometric functions. Fig. 6-2
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GENERATING FUNCTION FOR J.(x)

The function . 1 -
e2(t=1) = Y L@t (14)

is called the generating function for Bessel functions of the first kind of integral order.
It is very useful in obtaining properties of these functions for integer values of n—proper-
ties which can then often be proved for all values of n.

RECURRENCE FORMULAS
The following results are valid for all values of =.

1. Tui(@) = 2270() = Jaea (2)
2. J,:(x) = %[J'n’—l(x) '_Jn+!(x)]
3. ali@) = nIal®) — tJuer(2)
4. xJn(2) = aTn—1(x) — nJa ()
5. dix[x”Jn(x)] = "Ja-1(x)

6. Llg=nTa(@)] = —a na(0)

If n is an integer these can be proved by using the generating function. Note that results
3. and 4. are respectively equivalent to 5. and 6.

The functions Y.(x) satisfy exactly the same formulas, where Y. (x) replaces J.(x).

FUNCTIONS RELATED TO BESSEL FUNCTIONS
1. Hankel functions of the first and second kinds are defined respectively by

H'(@) = Ju(@) +i¥alx), Ha (@) = Jau(x) —iYa(2) (15)

2. Modified Bessel functions. The modified Bessel function of the first kind of order n
is defined as

I(x) = i, (ix) = e, (ix) (16)

If n is an integer,
I-u(@) = I(x) (17)

but if » is not an integer, I.(x) and I-.(x) are linearly independent.

The modified Bessel function of the second kind of order n is defined as

%[L:'L”E)_i@] 001,23
Sin irn B
Koz = ' *
() . I-p(x) — "
m ™ [ ] n=0,1,23, .
p-n Slnp‘"'

These functions satisfy the differential equation

2y + xy — (ap2 +n¥)y =0 ' ' (29)
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and the general solution of this equation is
¥y = cilu(x) + c2Ka(2) (20)

if n+0,1,2,3, ...,
or, it - y = Al(z) + BI-.() (21)

Graphs of the functions Io(x), Ii(x), Ko(x), Ki(x) are shown in Figs. 6-3 and 6-4.

Y Y
6 3
5~
b Iy(x) 2
0 I(x)
3 K1(x)
2 1
14 Ko(x)
0 i } 5 re o i S
Fig.6-3 Fig. 6-4

3. Ber, Bei, Ker, Kei functions. The functions Ber,(z) and Bei. (z) are respectively the
real and imaginary parts of J,.(¢%2x), where %% = e37/t = (1/2/2)(—1 + 1), ie.

Jn(i*?x) = Bera(x) + ¢ Bein(2) (22)
The functions Ker,(x) and Kei, () are respectively the real and imaginary parts of
e ""2K ., (i12x), where V2 = et = (1/2/2)(1 +1), i.e.
‘ e 2K, (iV2%0) = Kera(z) + iKein (2) (23)
The functions are useful in connection with the equation
2y + xy — (2 +nd)y = 0 (24)

which arises in electrical engineering and other fields. The general solution of this
equation is } .
Y = edu(t¥%r) + coKn(iV%x) (25)

If n =0 we often denote Ber. (), Bei. (2), Ker. (z), Kei. (z) by Ber (), Bei (x), Ker (),
Kei (), respectively. The graphs of these functions are shown in Figs. 6-5 and 6-6.

Y . ' ) ¥

.05
04 Ker (x)

.03
.02+
.01+

—.01
-.02-]
-.034
—.04
—.05+

Fig.6-5 Fig. 6-6
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EQUATIONS TRANSFORMABLE INTO BESSEL’S EQUATION

The equation .
22y + 2k + Dy + (P2 +p%)y = 0 (26)

where k, «, 7, 8 are constants, has the general solution
y = z7¥erden(ax/r) + Y isr(ax/1)] 27)

where « = Vk2— B2 If a=0 the equation is an Euler or Cauchy equation (see Problem
6.79) and has solution

¥y = x7*(cax* + csx ™) (28)

ASYMPTOTIC FORMULAS FOR BESSEL FUNCTIONS
For large values of x we have the following asymptotic formulas:

In(z) ~ J%cos(x—%—n—;), Yau(x) ~ \/%sin< —%—%) (29)

ZEROS OF BESSEL FUNCTIONS

We can show that if n is any real number, J.(x) =0 has an infinite number of roots
which are all real. The difference between successive roots approaches = as the roots
increase in value. This can be seen from (29). We can also show that the roots of J.(z) = 0
[the zeros of J.(x)] lie between those of Jn-1(z) =0 and J.::(x) =0. Similar remarks
can be made for Y.(x). For a table giving zeros of Bessel functions see Appendix E,
page 177.

ORTHOGONALITY OF BESSEL FUNCTIONS OF THE FIRST KIND -
If A and p are two different constants, we can show (see Problem 6.23) that

! Jn /\ 7’!, - Mn Jy: /\
fo 2Ja(A2) Jo(uz) dz = E W J (’;2 — () (2) (30)
while (see Problem 6.24)
. :
2 — _1 2 - E 2
fo B0 dz = SR + <1 AZ)h(a)] (31)
From (30) we can see that if A and p are any two different roots of the equation
RJa(z) + SzJa(x) = 0 (32)

where R and S are constants, then

j;lin(Mc)Jn(,Lx) dr = 0 (83)

which states that the functions \/z Jx(Az) and vz J.(ux) are orthogonal in (0,1). Note that
as special cases of (32) A and p can be any two different roots of J.(z) =0 or of J.(z)=0.

We can also say that the functions J.(\x), J» (ux) are orthogonal with respect to the density
or weight function z.
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SERIES OF BESSEL FUNCTIONS OF THE FIRST KIND

As in the case of Fourier series, we can show that if f(x) and f'(x) are piecewise con-
tinuous then at every point of continuity of f(x) in the interval of 0 <2 <1 there will exist
a Bessel series expansion having the form

fla) = An(uz) + Asa(az) + o = T AuTu(hm) (34)
=
where Ay, Az, As, ... are the positive roots of (32) with B/S=0, S+# 0 and
2)\7 f’
= J n (A d 35
Ay ()\g 2 +R2/S2)Jﬁ()\p) o o ( Px)f(x) X (35)

At any point of discontinuity the series on the right in (34) converges to 4[f(x + 0) + f(z — 0)],
which can be used in place of the left side of (34).

In case S =0, so that Ay, Ao, ... are the roots of Jn.(x) =0,

. _ 2 / 1
A, = Jﬁﬂ()\p)j; (M) f(2) dee (36)

If R=0 and » =0, then the series (34) starts out with the constant term

4, = Zfle(x) dz (87)

In this case the positive roots are those of Jﬂ(m) = 0.

ORTHOGONALITY AND SERIES OF BESSEL FUNCTIONS
OF THE SECOND KIND

The above results for Bessel functions of the first kind can be extended to Bessel func-
tions of the second kind. See Problems 6.32 and 6.33.

SOLUTIONS TO BOUNDARY VALUE PROBLEMS USING BESSEL FUNCTIONS

The expansion of functions into Bessel series enables us to solve various boundary value
problems arising in science and engineering. See Problems 6.28, 6.29, 6.31, 6.34, 6.35.

Sqlved Problems

BESSEL’S DIFFERENTIAL EQUATION

6.1. Show how Bessel’s differential equation (3), page 97, is obtained from Laplace’s
equation V?z =0 expressed in cylindrical coordinates (p, ¢, 2).

Laplace’s equation in cylindrical coordinates is given by

%u 1ou .1 6% 2u

T T e e T 0 )

If we assume a solution of the form u = P$Z, where P is a function of p, ® is a function of ¢ and
Z is a function of z, then () becomes

1
P'oZ + ;P’rbZ + p—12P<I>”Z + PeZ" = 0 2)
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6.2.

where the primes denote derivatives with respect to the particular independent variable involved.
Dividing (2) by P®Z yields

P/r 1 Pi 1 q)ll ZN
J— -— — — — — = 3
P + > P + P + 7 0 )
Equation (3) can be written as
P’ 1P 1" z"
5 + w P + prAr S 7 4)

Since the right side depends only on z while the left side depends only on p and ¢, it follows that
each side must be a constant, say —A2. Thus we have

P ip 19" ., 5
5 +pP+P2¢ = =2 )
and Z"—N\Z = 0 (6)

If we now multiply both sides of (5) by p2 it becomes

PII P/ q)ll
PF Tt T = W @)
which can be written as
PII P’ q)ll
22 — 22 = _Z_
P tep t M 3 (8)

Since the right side depends only on ¢, while the left side depends only on p, it follows that each
side must be a constant, say 2. Thus we have

P’/ P,
92? +ep Tt A2 = g2 )

and P+ p2p = 0 (z0)
The equation (9) can be written as
2P + pP' + (A3p2 — )P = 0 (12)

which is Bessel’s differential equation (3) on page 97 with P instead of y, p instead of z and »
instead of =.

Show that if we let Ap = & in equation (1) of Problem 6.1, then it becomes
oy +ay' + (2 —pP)y = 0

We have P _ wpd _ P _ Ly
dp = dx dp =" = dx

where y(x), or briefly y, represents that function of x which P(p) becomes when p = x/A.

Similarly
gig o i ﬁ) = i }véy. 4_‘72 — .i @ N = >\2ﬂ
dp? dp\ dp de\"dx /dp ~— dz\  dx - da2
Then equation (17) of Problem 6.1 which can be written
d2P dP
P T ey T (WP =0
2
z\* . Py z\, Y — 2 =
becomes <>\> Mot gy T @@=y = 0
or 2y’ + xy + (@2—uw2y = 0

as required.
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Use the method of Frobenius to find series solutions of Bessel’s differential equation
2%y +ay +(@*—nP)y = 0.

Assuming a solution of the form y = 3 cyx**# where k goes from —« to = and ¢, =0 for
k <0, we have

(a2 —n?)y = Eckkan_Enzckka = Eck—zx“ﬁ*EnzckWHB
ey = I (k+Bogxkth
" = 3 (k+B)k+ B Degrhth

Then by addition,
S [(k+ B)k+ B—1)c, + (k+ Ble, + cp—o — m2egJaktB = 0
and since the coefficients of the x%+8 must be zero, we find
[(k+p)2—n2ex + g = 0 1)
Letting k= 0 in (1) we obtain, since ¢_, = 0, the indicial equation (82— n?)cy = 0; or assuming

¢y 70, B2=mn2 Then there are two cases, given by g =—-n and g == We shall consider
first the case 8 = n and obtain the second case by replacing n by —n.

Case 1: B =1

In this case (Z) becomes ’
k@n+k)e + ¢y = 0 @

Putting k£ =1,2,3,4,... successively in (2), we have
%o _ —C2 _ o
& =0 e =omrey 6= 0 4T Ty T e i@+ 2@n T 4)’

Thus the required series is

¥y = cpe™ + cett? 4 cuantd +

i

n x2 x .
Co® [1 T 3Ente) T2 dEntoEnt ) ] )

Case 2: B =-n.

On replacing n by —n in Case 1, we find

22 xt
= -n - —_ s
y Col [1 2@ —2n) T 242 —2m)d —2n) :] )
Now if n = 0, both of these series are identical. If n=1,2,... the second series fails to exist.
However, if n 7 0,1,2,... the two series can be shown to be linearly independent, and so for this
case the general solution is
‘ x2 xt
y = C””[l T2@nt2) T2 ARntoEnTd) :]
22 "t
+ Du "[1“2(2—2n)+2-4(2—2n)(4—2n)‘"':] (5)
The cases where = =0,1,2,3,... are treated later (see Problems 6.17 and 6.18),

The first series in (5), with suitable choice of multiplicative constant, provides the definition of
J,(x) given by (6), page 97.

BESSEL FUNCTIONS OF THE FIRST KIND

6.4.

Using the definition (6) of J.(x) given on page 97, show that if n=0,1,2, ..., then
the general solution of Bessel’s equation is y = AJ.(x) + BJ-a(x).
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6.5.

6.6.

6.7.

Note that the definition of J,(x) on page 97 agrees with the series of Case 1 in Problem 6.3,
apart from a constant factor depending only on n. It follows that the result (5) can be written
y = AJ,(x)+ BJ_,(x) for the cases »+#0,1,2,....

(a) Prove that J_n(x) = (—1)"Ja(x) for n=1,2,3,....

(b) Use (a) to explain why AJ.(x)+ BJ-a(x) is not the general solution of Bessel's
equation for integer values of n.

(@) Replacing n by —n in (6) or the equivalent (?) on page 98, we have

§ (—1)7(x/2)—n+ 27

J-a®) = 2 T mt D
n— -
_ (—1)7(x/2)~n+2r 1)r(x/2)—n +2r
- ,§o Mr(—n+7r 1) ;n rIr(—n+r+1)
Now since I(—7=+r+ 1) is infinite for » = 0,1,...,n—1, the first sum on the right is zero.

Letting r =n+k in the second sum, it becomes

(—Dntk(z/2nt2k (—1)k(z/2)n+2k _

2 mARirGTn oo E o T(n+ &k + D! (1) (@)

(6) From (a) it follows that for integer values of n, J_,(x) and J,(x) are linearly dependent and
so AJ,(x) + BJ_,(x) cannot be a general solution of Bessel’s equation. If n is not an integer,
then we can show that J_,(x) and J,(x) are linearly independent, so that AJ,(x) + BJ_, (=) is
a general solution (see Problem 6.12).

Prove (a) Juz(x) = 1’%csinao, b)) J-12(x) = 1/%cosw.

_ s Ehr@@erer o @/ (0/2)32 (%/2)%/2
(a) Tin@ = B NeT T T TeR) T 1TER T iR
_ (@/2)v2 (/2)5/2 ' (x/2)7/2 B
172/« 11(3/2)(1/2)WVW= 21(5/2)(3/2)(1/2)V/=
) _ ey f 2 e ) @@sme _ [z
1/2V= 3! ' 5! 1/2v- = - xR
_ o (CL(@/2)-vzter  (z/2)-V2  (x/2)3/2 /272
(b) J-172(x) D ez y v Vo 1T13/2) T 21r06/2)

INCT Y I _ [z
= Ve _2!+Zf~“' = ;;cosx

Prove that for all n:

@ @@} = @), () @) = a2,

da _ (— 1)7w2n+2r _ hd (—1)ra2n+ar—1
(@) dx {wan(w)} - d E n 2l Tn 4 + 1) g 2n+ 2171 O(n + 1)

_ ( 1)rx(n 1)+ 2r _
= E =Dt M[n—1) +r+1] a1 (%)
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6.8.

6.9.

6.10.
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(—1)":1,‘2'
2n+2rpi M+ 7+ 1)

1)) %{x—"Jn(x)} = j‘i— g

0
_ _ hd (—1)raxn+2r—1
= 2 2 e T F T T D)

i (—1)k+ign+2k+1
= -n
-7 ,20 2n+ 2+ 1V T(n + k + 2)

—w""J,,+ 1 (x)

Prove that for all n:

@ Ji@) = 5@ =Ten@] O) Jer@) +Terle) = 2 (o)

From Problem 6.7(a), x%J,(x)+ nxn—1J, (x) = znJ,_(x)

or x2do(x) + ndy(x) = xJ,.;(x)
From Problem 6.7(b), x“"J,’L(x) —nx L (x) = —x7n],(x)
or xJ’f’l (x) — n']n (®) = - x']n +1 (x)

(a) Adding (1) and (2) and dividing by 2x gives
’ 1
J'n(x) = _2' [Jn~—1(x) - Jn+l(x)]

(b) Subtracting (2) from (1) and dividing by x gives

2n

Jnr(®@) + Jyiq(®) = - J, (%)
Show that  (a) Jue(x) = £<w>
X €
®) J-sn(@) = — %(@%2&)

(@) From Problems 6.8(b) and 6.6 we have on letting » = 1/2,

1 2 /si N
J30(x) = ;Jl/z(x) — J_yple) = —<Slzx——cosx> = 1(___*____smx xcosx>

T 7L x

’

(b) From Problems 6.8(b) and 6.6 we have on letting n = —3

2 [z sinx + cos
Tl = - ﬁ(‘T‘“)

Evaluate the integrals (a) f " Jn—1(x) dz, (D) Jﬂ;;_(x) de.

From Problem 6.7,

(@) %{x%(w)} = znJ,_y(x). Then f and,_y(x)dx = anJ, (x) + c.

O ZO @ = —a i@, Then (D@ o peap )y,
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6.11. Evaluate (a) f 241 (z) dz, (D) f x3J3(x) da.
(a) Method 1. Integration by parts gives
f 2t (x)yde = f (xz)[xéJl (x) dx]

= x2at)y(x)] — f[x2J2(x)][2xdx]

= xtty(x) — 2 f x8Jy (%) da
= gtty(x) — 223J3(x) + ¢
Method 2. We have, using J;(x) = —Jg(x) [Problem 6.7(b)],

f wtJ (wyde = —f wiJy(x)de = ~— {xuo (®) — f 42374 (x) dx}

f 23Sy (x)de = f w2[xdy(x) dx] = 2zt (x)] — f [0 (x)][22 du)

f x2J (x)dx = — f w2lg(x)de = — {szO (x) — f 2] () dx}
= —x2Jy(x) + 2xJ;(x)

Then j 2tJ () de = —atJy(x) + 4[x3], (%) — 2{—a2]y(x) + 22J,(x)}] + ¢
=  (8x2—aY)Jy(x) + (428 —16x)J; ()

(b) f 23y (x)dxe = f x3[x 23 (%) dx]

= @[-x—y(x)] — f [—22Jy(x)] 52 da
= —adJy(x) + 5fx'2J2(x) dx

f a2ty (x) de = f w3[x 1S, (x)] d

= a¥—x~l(x)] — j[—x"lJl(x)]3x2dx
= —22(x) + 3f x| (%) dw

f 2Ji(@)de = — f xJO'(x) dx - [xJO(x) - f Jo (%) dx:l

= —ady(x) + fJO(x)dx

Il

Then fx3J3(x) de = —x3Jy(x) + 5 {—szl (x) + 3[—00.70(90) + fJo(x) da::l}
= —23Jy(x) — ba2Jy(x) — 1bxJy(x) + 15 fJo(x) dx

The integral fJo(x) dx cannot be obtained in closed form. In general, foJq (x) dx
can be obtained in closed form if p+¢=0 and p+q is odd, where p and ¢ are integers.

. If, however, p + ¢ is even, the result can be obtained in terms of fJo(x) de.
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’ ’ 2 1
6.12. (a) Prove that Ja(2)J-n(2) — J=n(®)Ju(x) = 571:;”77 )

(b) Discuss the significance of the result of (a) with regard to the linear dependence
of J.(x) and J-n().

(@) Since J,(x) and J_,(x), abbreviated J,, J_, respectively, satisfy Bessel’s equation, we have

w2J) + ad) + (@2 —n2)J, = 0, w2+l + (@2—n2I_, = 0
Multiply the first equation by J_,, the second by J, and subtract. Then
w21} T, — JZan] + @[ dpd = I ] = 0
which can be written 4

(o d g = I pdy] + [Iad oy —Jnda] = 0

dx
or Lol g — I ] = 0
dx n —n¥n,
Integrating, we find Jod_, — J . J, = clx (1)
To determine ¢ use the series expansions for J, and J_, to obtain
- g = & S . SN
']n - 2n11(n+ 1) H ']n - 2"I‘(n) ’ ']—n - 2-nT(—n + 1) ’
, . x—n—1 _
Ton = 2= (~n)
and then substitute in (2). We find
_ 1 _ 1 _ 2 . 2sinng
¢ T Twrd—-»n ~ Te+D1Cn) ~ Tmrd-n -

using the result 1, page 68. This gives the required result.

(b) The expression J,J_,—J ,J, in (a) is the Wronskian of J, and J_,. If nis an integer, we
see from (a) that the Wronskian is zero, so that J, and J_, are linearly dependent, as is also
clear from Problem 6.5(a). On the other hand, if n is not an integer, they are linearly inde-
pendent, since in such case the Wronskian differs from zero.

GENERATING FUNCTION AND MISCELLANEOUS RESULTS

2/, 1
613. Provethat ' 9 = 3 J.(a)in.

n=-—o0
‘We have
e%(‘“%) = ext/2p—z/2% = E (oct/2)r E (—z/20)% x/2t)k = § § L @/2) =k
k=0 7=0 K=0 r!k!
Let r—k =n so that n varies from —» to . Then the sum becomes
e < (—=1)k(x/2)n+2k¢n _ > < (—1)k(x/2)n+2k _ hd
22 TR = 292 Hespr (" = 2 @

6.14. Prove (a) cos(xsing) = Jo(x) + 2J2(x) cos20 + 2J4(x) cos46 + - - -
(b) sin(xsinfd) = 2J1(x) sinéd + 2J5(z) sin80 + 2J5(x) sin56 + - - -
Let t=¢® in Problem 6.18. Then
B e ﬁ J, (x)ein0 = _§Jn(x)[cos n6 + i sin ng]
{Jo(x) + [J_lo(ox) + J1(x)] cos o : [J~2(x) + Jo ()] cos 26 + ---}
+ #{[Jy (@)~ J_y ()] sine + [Jy(x) —J_5(2)] sin 20 + - --}
= {Jo(a) + 2J5(x) cos 20 + +++} + (2], (x) sin 6 + 2J5(x) sin 36 + - - -}

where we have used Problem 6.5(a). Equating real and imaginary parts gives the required results.
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6.15.

6.16.

Prove Ja(x) = lf cos (ng — x sin ) dg n=0,1,2,....
0

ki

Multiply the first and second results of Problem 6.14 by cosné and sin n6 respectively and
integrate from 0 to » using

T 0 m#n ™ a 0 m+=n
! = sinmo sinng do =
J; cos mé cos ne deo /2 m,;n’ J; 2 m=mn0

Then if » is even or zero, we have !

m 1 (7. . .
Jp(x) = 1 f cos (2 sin 8) cos n6 de, 0 = p f sin (x sin 6) sin no de
T 0 7 0
or on adding,
1" 1 (7 .
J(x) = = f [cos (x sin 8) cosng + sin(x sing) sinng] do = p f cos (n6 — x sin 8) dé
. T Jo 0 .

Similarly, if » is odd,

ks 1 T .
Jo(x) = 1 f sin (x sin 6) sin ne ds, 0 = - j(; cos (2 sin 6) cos no dé
T Jo

and by adding, 17
Jplx) = = f cos (n§ — x sin 8) do
T Jo

Thus we have the required result whether » is even or odd, iie. » =10,1,2,....

Prove the result of Problem 6.8(b) for integer values of » by using the generating
function.

Differentiating both sides of the generating function with respect to ¢, we have, omitting the
limits —» to « for =,

x 1
ei(t_l-') g(l + :"_2> — 2 nJ x)tn—1

or g<1 + é) ST, @t = S, (@)1
ie. s §<1 + 712>Jn @t = S, (@)1
This can be written as

p an(x)tn + 3 an(x)tn—z = 3 nJ, (@)1
or 2 Jn(x)tn + 2 Jn+2(x)t" = 2 (n+1)Jn+1(x)tn
i E[“J +27 ]tn = Sm+1J tn
ie, 3 () 3 nt+2(®) = (n+1)Jp 41 (2)

Since coefficients of £ must be equal, we have
x @ ) )
5@+ T = @+,

from which the required result is obtained on replacing » by n— 1.

BESSEL FUNCTIONS OF THE SECOND KIND

6.17.

(@) Show that if » is not an integer, the general solution of Bessel’s equation is

Tl — T
vy = El.(@) + F[ COZI’;”M ()]

where E and F are arbitrary constants.
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(b) Explain how to use part (a) to obtain the general solution of Bessel’s equafion in
case 7 is an integer.

(@) Since J_, and J, are linearly independent, the general solution of Bessel’s equation can be
written

Y = clJn(w) + c2J—n(x)
and the required result follows on replacing the arbitrary constants ¢y, ¢y by E, F, where

F cos nr —F

ey = —_— ey = —
1 sinnr 2 sin nr

Note that we define the Bessel function of the second kind if » is not an ineger by
Io (@) cosnr — J_,(x)

v, (7’”) = sin nr

(b) The expression
I (x) cosnr — J_, ()

sin nwr

becomes an “indeterminate” of the form 0/0 for the case when = is an integer. This is because
for an integer » we have cosnz = (—1)» and J_,(#) = (—1)"J,(x) [see Problem 6.5]. This
“indeterminate form” can be evaluated by using L’Hospital’s rule, i.e.

p[J (%) cos pr — J_p(2)]

im Jp (@) cos pr — J_,,(m)]

porn sin pr p—vn

S [sin pr]
ap

This motivates the definition (17) on page 98.

Use Problem 6.17 to obtain the general solution of Bessel’s equation for n = 0.

lim [J,,(w) cos .pn' - J_p(:c)] @

D=0 sin pr

In this case we must evaluate

Using L’Hospital’s rule (differentiating the numerator and denominator with respect to b), we find
for the limit in (1)

(8Jp/3p) cos pr — (aJ_,,/ap)] B aJ, aJ_p
P T COS P - ap ap ]p o

where the notation indicates that we are to take the partial derivatives of Jp(x) and J_p(x) with
respect to p and then put p = 0. Since 8J_,/d(—p) = ~aJ _,,/8;0, the requlred limit is also equal to

2 aJ,
™ op

p=0
To obtain §J,/0p we differentiate the series
s (_1)r(m/2)p+27

BE = 2 e+ D
with respect to p and obtain
e S YL @
ap = 7! dp|Dp+r+1)

Now if we let z/pre G, then InG = (p+27) In(x/2) —InT(p+r+1 that diff
Tp+r¥l) — P nI(p ) so that differ-

entiation with respect to p gives

106G _ _IMp+r+1)
Then for p = 0, we have
G — _(xr2)2r [ I'r+1)
3D o T+ M oy @
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Using (2) and (3), we have

24J _ ( 1)r(x/2)% I'r+1)
P e = 7 2 T+ D [l @2 = T ¥

il

2 n@/2) + o) + 2] B B )t () — ]
T 0 T 22 2242 224262
where the last series is obtained on using the result 6. on page 69. This last series is the series

for Y,o(x). We can in a similar manner obtain the series (12), page 98, for Y, (x) where n is an
integer. The general solution if # is an integer is then given by y = ¢,J,(2) + ;Y (%).

FUNCTIONS RELATED TO BESSEL FUNCTIONS

6.19. Prove that the recui‘rence formula for the modified Bessel function of the first kind

I.(x) is
Livi(zx) = In-(x) — -z—gln(x)
From Problem 6.8(b) we have
Teen@ = 2@ = @) (1)
Replace z by ix to obtain %in
Tasslie) = —ZRJ (i) — Ju (i) @

Now by definition I,(x) =1i—2J,(ix) or J,(ix) = i™[,(x), so that (2) becomes
() = —%"w,,(x) — in=1] ()

Dividing by 2" *! then gives the required result.

6.20. If n is not an integer, show that

w _ J-n(x) — e~ "”'Jn(x) @ _ e (x) — J-a()
(@) Ha'(z) = 1 sinnr (b) Hn'(x) = 1 sinnr

(¢) By definition of H ftl)(x) and Y, (x) (see pages 99 and 98 respectively) we have

EP@ = g i@ = e + i et ]
sSin nw

Jo(x) sinnr + i, (x) cosnr — iJ_,(x)
sin nwr

i[.]n(x) (cos nr — 1 sin nr) — J_n(ac)]

sin nzw
_ i[],,(x)e‘i"" — J_n(x)] _ J_p (%) — e~inm] ()
sin nr - i sin nr
(b) Since H(x) = J,(x)—iY,(x), we find on replacing i by —i in the result of part (a),
HO@ — Joa@ =@ @) - T @
— sSIn nwr 1 S1n Nar

xt x®
6.21. Showthat (a) Ber(z) = 1 — 524z T oigegigr

i _ f _ 8 210
(b) Bei (x) 92 224262 224262821 ()2 -
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We have

. _ (i3/2)2 (i3/2¢)4 " (13726 (i3/22)8
Jo(i320) = — Tt T T iper 92456282
_ - 1322 + izt b i12g8
22 2242 224262 22423282
_ 12 xt 18 a8
= 1+ 9 ~ g e T pees
. xt x8 [ x? x8
= (1_2_274?+W_"'> + 1(?2‘@%5*"‘)
and the required result follows on noting that Jy(:3/2x) = Ber (x) + 4 Bei (x) and equating real and

imaginary parts. Note that the subscript zero has been omitted from Ber, (x) and Bei, (x).

EQUATIONS TRANSFORMABLE INTO BESSEL’S EQUATION
6.22. Find the general solution of the equation 2y’ +y +ay =0.

The equation can be written as x2y” + zy’ +axy =0 and is a special case of equation (26),
page 101, where k=0, « =Va, r=1/2, g =0. Then the solution as given by (27), page 101, is

y = e Jo(@Vax) + e Yo(2Vazx)

ORTHOGONALITY OF BESSEL FUNCTIONS
wIn(A) I () = Ma(p) Ja(d)
)\2 — ‘uz

From (3) and (4), page 97, we see that y; =J,(Ax) and y, = J,(ux) are solutions of the
equations

1
6.23. Prove that f 2T n (M) Tu(p) dv TR
0

22yl + xy] + (22 —n?)y; = 0, 22yy + xys + (u2x2 —n2y, = 0
Multiplying the first equation by y,, the second by y; and subtracting, we find
w2yyy —ywe] + xlyyi —vwe] = (62— )2y,
which on division by « can be written as

2L ot~ vl + i vl = (2= D,
or c%{m[yzy{ —ydl} = (12— ey
Then by integrating and omitting the constant of integration,
(12 —N?) f ey de = x[ysyi — y1y3)

or, using y; = J,(A%), ys = J,(zx) and dividing by p2—225# 0,

Ay, Jo o) — ud, () J,
fon(M)ifn(#x) de = %[N () (;)_ }\:;J (@) I (p2)]
1 J 7’ _ 7
Thus fo o Oa) T ) d = o) n(:; - ,;.;,,m (1)
which is equivalent to the required result.
! 2
624. Prove that fo wri0a)de = 3[720) + <1_% ) 2w].

Let x— A in the result of Problem 6.23. Then, using L’Hospital’s rule, we find
1 MoWJIr ) = T, Th(w) — ad, (N Ty
f xJz(xx) dz - lim (l’-) n( ) n(2) (#) e n( ) n(:”-)
0 : = 1’3
MZ0) = Ju() Jn() = Ma() Iy ()
AN
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But since A2J(\) + AL\ + (A2 —n2) J,(\) = 0, we find on solving for J;/(\) and substituting,

1
j; cJ20w) de = -12-|:J;,2(>\) n <1—:—:)Jﬁ(x):l

6.25. Prove that if A and p are any two different roots of the equation RJ.(x)+ SzJ(x) =0,
where R and S are constants, then

flin(/\x)Jn(px)dx = 0

i.e. V& Ja.(\x) and VZ J.(ux) are orthogonal in (0, 1).
Since A and p are roots of RJ, (%) + SxJ,(x) =0, we have
RJ,(\) 4+ SAML(A) = 0,  RJ,(u) + SuJp(w) = 0 ()
Then since B and S are not both zero we find from (1),
wIn M) T () = M@ I = 0

and so from Problem 6.23 we have the required result

flin()\x)Jn(yx) dr = 0
0

SERIES OF BESSEL FUNCTIONS OF THE FIRST KIND
6.26. If f(x) = ﬁ: ApJn(Mx), 0<2x <1, where), »=12,3,..., arethe positive roots

p=

1
of Ja(x) =0, show that

A, 2

_—(—X_) j:xJn(/\px) f(z) dz

JEia

Multiply the series for f(x) by xJ,(\:x) and integrate term by term from 0 to 1. Then

£ 1
f Yol ) fe) de = S A, f @y (\et) I (Apat) dos
0 p=1 0

= 4, fo 272 (e) da
1,
= A ()
where we have used Problems 6.24 and 6.25 together with the fact that J,(\,) = 0. It follows that
92 1
4 = 7200 j; xJ, (\) f(x) da

To obtain the required result from this, we note that from the recurrence formula 3, page 99,
which is equivalent to the formula 6 on that page, we have

MeJa ) = 0y () — Neds 1 ()

or since J,(\;) =0, Johe) = —Jpr1()

6.27. Expand f(x) =1 in a series of the form

2 Anlo(A)
p=1

for 0<x <1, if A, p=1,2,8,..., are the positive roots of Jo(x) = 0.
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From Problem 6.26 we ‘have
'2 ol 2 Ap :
A = fo ANx) de = ———————f vy (v) dv
p T2\ Jo °-(y" ) , RIT0) Jo 0L
2 o 2
= ——vJi (V). = o
)‘122']?()‘9) 1( ) }\DJ.I (}‘p) .

‘where we have made the substltutlon v = A %4 in the integral and used the result of Problem
6. 10(a) with n =1, . .

-Thus we have the required series ;
7 e 29
‘ z) = 1 .= X Jo(\®)
4 )‘« o p,gl Ap']lo‘p) 0w
which can be written ' ' i
Jo\z) | Jy(hew) s
M) A () ‘

- rol b

SOLUTIONS USING BESSEL FUNCTIONS - OF THE FIRST KIND :
6.28. A circular plate of unit radius (see Fig. 6-7) has its plane faces insulated. If the -

initial temperature is F(p) and if the rim is kept at temperature zero, find the temper-
-ature of the plate at any time.

Since -the temperature is independent of ¢, the boundary value problem for determmmg

ulp, t) is : : Lo ,
du 2y 19u :

ot = <r T a,,) , | @

) u(l, t) = 07 -u(P,O), = F(P):

. . / . i
Let u = P(p) T(t) = PT in equation (7). Then

PT = :c<P”T + %P’T)

or dividing by «PT,

lulo, B < M

ro_ p 1P _ _,
«T — P ,+ o P N
from which ) , . -
T+ 2T = 0, 1

P’ + =P 4+ 3P = 0
e ‘

These have general solutions

T = ¢ie=Nt, P = AJy(o) + B,Y, (M)

Since u = PT is bounded at p =0, Bl = 0.

Fig. 6-7

Then

ulp,t) = Ae_“)‘ tJy (?\p)
‘Where A = Ajcy.

From the first boundary condition,y

Cu(l;t) = Ae—k\t], (?\)

from which Jo(\) =0 and A= A Ay are the positive roots. ‘

Thus a solution is .
u(p;t) = Ae~ Mt J)(Np) m=1,23,"...
By superposition, a solution is L .

ulp, t) = mglAme—mf;tJo(Amp)
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6.29.

From the second boundary condition,
. ’ y . w N

u(p,0) = F(p) = . ElAmJO()‘-mP)
m= -
The\n from Problem 6.26 with n = 0 we have

! 1
An = 2—275 f o (5) o) d

d :. . o . . o

which can be established as the required solution.

Note that this solution also gives the temRerature of an infinitely long solid cylinder whose .
convex surface is kept at temperature zero and whose initial temperature is F(p)

A solid conducting cylinder of unit height
and radius and with diffusivity « is ini-
tially at temperature f(p, 2) (see Fig. 6-8).
The entire surface is suddenly lowered to
temperature zero and kept at this tem-
perature. Find the temperature at any
point of the cylinder at any- subsequent
time.

Since there is no ¢-dependence,\as is evident _
from symmetry, the heat conduction equation is

o _ o (Fw low  Pu
9 "\82 T oo 02

@

where u = u(p, z;f). - The boundary conditions
are given by ) o Fig. 6-8

2,0 = flp,2), e, 0,8) = 0, u(p,L,H) = 0, wlLzt) =0, lup,zt) <M - (2)
where 0=p<1, 0<z<1, ¢t>0. '

To solve this boundary value problem let U = PZT = P(p)Z(z) T(t) in (1) to obtain

PZT = K<P”ZT +1pgr o PZ"T)
P
Then dividing by «PZT we have"® ‘ )
: . TI P 1P y AU
¥~ P T L.P Tz

Since -the left side depends only on ¢ while the rlght side .depends only on p-and z, each side must
be a constant, say —)\2 Thus o '
T 4+ 2T = 0

‘PII 1 P/ Z" X . )
=l 2 = 2 .
PTPtZ 2 e ®
The last equation can be written as ) _
’ pr 1p Z’} .
ozl = e 4 :
PTL,P = V3 R

from which we see that each side must be a constant say —u2.  From this _’wé obtain the two
equations : . ;
pP"+P'+,u.pP =0 4

Zm v2Z_ = 0 . 63}
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where we have written
2 = 'u2 — A2 ((,')

The solutions of (2), (4) and (5) are given by
T = cie=, P = cyJolup) + esYolup), Z = cqe® + c5e™”
Thus a solution to () is given by the product of these, i.e.
ulp, 2, ) = [cle"K)‘zt][CzJo (up) + €3Y o (up)][cie”® + c5e~ 7]
Now from the boundedness condition at p = 0 we must have c¢3 = 0. Thus the solution becomes

ulp, 2,t) = e—KmtJO (up)[Aeve + Be—uz] )

From the second boundary condition in (2) we see that
ulp, 0,8) = e~ NtJo(uo)(A +B) = 0
so that we must have A+ B =0 or B=—A. Then (?) becomes
ulp,2,1) = Ae=tlg (up)[ev* — =]
From the third condition we have
ulp,1,t) = Ae<\tJ, (up)[er —e= 7] = 0
which can be satisfied only if ¢—e¢~¥ =0 or
e = 1 = g2kmi k=0,1,2,...
It follows that we must have 2v = 2kzi or
v = ki k=o0,1,2,... &

Using this in (?), it becomes
ulp, 2, t) = Ce"""tho (up) sin krz

where C is a new constant.
From the fourth condition in (2) we obtain
u(l,2,t) = Ce~*NtJ,(u) sinkrz = 0
which can be satisfied only if Jg(z) =0 so that
L= 1, Te ... 9)

where 7, (m =1,2,...) is the mth positive root of J4(z) =0. Now from (6), (8) and (9) it follows
that .

A= 22 = rd 4 ke

so that a solution satisfying all conditions in (2) but the first is given by

ulp, 2,8) = Ce KrmtK*T)t J (1 0) sin krz (10)
where £ =1,2,3,..., m=1,2,8,.... Replacing C by Cy,, and summing over k¥ and m we obtain
by the superposition principle the solution -

ulp, 2, t) = 21 21 Crme ™ < Ta + KX J  (1,.0) sin krz . (11)
k=1 m=

The first condition in (2) now leads to

flp,2) = kgl E_ICkao(‘rmp) sin krz

This can be written as

flo,2) = 2{ Ckao(rmp)} sinkzz = 3 by sinkrz
k=1 |m=1 k=1
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6.30.

6.31.

where o
by = 3 CemdoTmp) (12)
m=1

It follows from this that b, are the Fourier coefficients obtained when f(p,2) is expanded into a
Fourier sine series in z [we think of p as kept constant in this case]. Thus by the methods of
Chapter 2 we have

1
b = % j; f(p,2) sin kxz dz (z8)

We now must find Cy,, from the expansion (12). Since b, is a function of p, this is simply the
expansion of by into a Bessel series as in Problem 6.26, and we find

1
2
= 55— b, J d 1
Com = iy §, obedotrm) do )
This becomes on using (13)
1 1
. 4 '
Cem = Jf(:m) j; j; of(p, 2) Jo(rpp) sinkrz dp dz (15)

The required solution is thus given by (11) with the coefficients (15).

Work Problem 6.29 if f(p,2) = uo, a constant.
In this case we find from (15) of Problem 6.29

41 flfl Jo(7yp) sin knz dp d
J%(Tm) o A pJo\Typ) SIN K72 Ap AZ

. 4u, 1 1
= Eﬁn‘){‘fo e Jo(1mp) dp}{j; sin krz dz} ,
- duy  [J1(rm)] [1 — coskr
- J% (rm) Tm kx

4uy(1 — cos kr)
krrmd 1 (1)

Ckm =.

on using the same procedure as in Problem 6.27. The required solution is thus

dug & Q 1—coskr

t =
u(P: z, ) =2 krmJI(’rm)

— 2.2 .
e K(vfn+kn)tJ0(,.mp) sin kre

A drum consists of a stretched circular membrane of unit radius whose rim, repre-
sented by the circle of Fig. 6-7, is fixed. If the membrane is struck so that its initial
displacement is F'(p, ¢) and is then released, find the displacement at any time.

The boundary value problem for the displacement z(p, ¢, t) from the equilibrium or rest position

(the zy-plane) is
2z 2z 19z 1 922
A gf & 4 102, 1 072
at2 @ <ap2 + p 9p + o2 942

Z(l, b, t) = O: Z(Px -5 0) = 0’ zt(P; b, O) = 01 Z(P} 5 0) = F(P: ¢)

Let z = P(o) #(g) T(t) = P&T. Then

PeT” = a2<P”<I>T + %P%T + %P@’T‘)
s -
Dividing by a2P®T, _21’_ B ﬂ N 111 N 1 Y 2
2T =~ P p P P2 e
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and so T" 4+ N2a2T = 0 (1)

P/’ 1 P’ 1 d)/’
+12 .12 o e @
P o P o2 & )

Multiplying (2) by p2, the variables can be separated to yield

2P P’ @
Ll e 22 = ——— = 42
2 R 3 ’
so that ¢’ + p2 = 0 (€3]
pgpn + pP’ + (>\2p2 _#Z)P = 0. (4)

General solutions of (1), (8) and (4) are

T = Ajcosiat + B;siniat (%)
¢ = Aj,cospup + B, sinpug (6)
P = A3Jﬂ(>\p) + BBY”O\p) ”)

A solution z(p, ¢, t) is given by the product of these.

. Since z must have period 27 in the variable ¢, we must have g =m where m =10,1,2,3,...
from (6).

Also, since z is bounded at p =0 we must take B = 0.
Furthermore, to satisfy z,(p,¢,0) =0 we must choose B, =0.
Then a solution is
ulp, ¢,8) = Jp(Ap) cos hat (A cos m¢ + B sin me)
Since 2(1,¢,t) =0, J,,(\) =0 sothat A =A,, £k=1,2,8,..., are the positive roots.

By superposition (summing over both m and k),

I

z(p, ?s t) 20 kzl J'm O\mkp) cos (Kmkat)(Amk cos me + Bmk sin m¢)
m= =

il

2 {[ 2 Amk"m("mkp):l cos Mm¢
m=90 k=1

+ [k§1 B, Jm()\mkp):l sin m¢} €os Apat (8)
Putting ¢t =0, we ha\}e
“0$,0 = Flg¢) = 2 {Cpcosms+ Dy sinme} @
where Cn = k§1 A I m Anco)
. (10)
D, = k§1 Bokdm (>\mkp)
But (9) is simply a Fourier series and we can determine Cn and D, by the usual methods.
We find ’
1 27
- . F(p, ¢) cos m¢ de m=1,2,3,...
Cm = 1 2w
2 J, Flo, ¢) do m=0
1 2T
D, = = X F(p, ¢) sinme do m=0,1,2,8,...

T
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From (10), using the results of Bessel series expansions, we have

1
2

A = ——f J., (A C,, d

ke s G e Jo PIm i) Con do

2 1 27 %
T[T+ 1 i) 2 j:, j; PF(p, $) Im (Amip) cos me dp dep if m=1,23,.
m m
1 1 2T
771 o) 12 J; J; pF(p, 8) o (Aorp) dp dg if m=0

2 1
B, = __—f J. Op) D, d
mk Tmt1 02 Jo ° m (k) Doy dp

1 2
= ‘_""'"2"'—_2 f f pF (o, $) ']m ()‘mkP) sin m¢ dp d¢ if m=0,1,2,...
T[T m+1(mr)]2 Jo Vo

Using theée values of A, and B, in (8) yields the required solution.

Note that the various modes of vibration of the drum are obtained by specifying particular
values of m and k. The frequencies of vibration are then given by
>\mk
fuk = S-a

Because these are not integer multiples of the lowest frequency, we would expect noise rather than
a musical tone,

SERIES USING BESSEL FUNCTIONS OF THE SECOND KIND

6.32. Let wus(Amp) = Yo(Ana) Jo(Amp) — Jo(Am@) Yo(Amp) Where Am, m =1,2,3,..., are the
positive roots of Yo(Aa)Jo(AD) — Jo(ra) Yo(AD) = 0. Show that

b
f pUo(Amp)uo(Anp)dp = 0 mF=n
a
The functions P,, = uy(\np) and P, = uy(h,p) satisfy the equations
oPm + P+ ApP, = 0 ()
. pPy + P} + 22P, = 0 (2

Multiplying (2) by P, (2) by P,,, and subtracting, we find
P(PnP;r,L_PmP;LI) + PnPr’n - PmPr’; = (A%L“)‘%n)PPmPn

which can be written

d 7 7 14
Pa(PnP*:n_PmPn) + PP, — PP, = o‘%_}‘f?n)PPmPn

d , ,
or (_i; [p(Pan - PmPn)] = (kﬁ - )\%n)mePn

Then by integrating both sides from a to b we have

b b
O02=N2) [ oPuPude = o(B,P— PP

a
b

p[xmuo(knP) u(’)o\mP) - Anuo()\mP) ué()\np)] -
= 0

(})ln using the facts ug(A,a) = 0, ug(Aa@) = 0, up(Myb) =0, up(A,b) = 0. Then since A P Ay We
ave

b b
‘L pP,P,dp = L pg(App) wg(App) dp = 0
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6.33.

6.34.

~where A is a constant.

BESSEL FUNCTIONS AND APPLICATIONS ' [CHAP.6 -
§

Show how to expand a function F(p) into a series of the form Z Amuo )\mp) where v ‘
the functions “o(Amp) are given in Problem 6.32. ' : v

Suppose that w. . _
Fo) = 2, AutoQur) : OR

Then on multlplylng both sides by p%o(}\np) and mtegratlng from a to b we find

‘m2=1 Am j; P“O(kmp) uo(knp) dp

Il

, J; pF(p) ug(\pp) dp

\

b N
A, fa pluo(Anp)]? dp
on making use of Problem 6.32. :

b - .

\ ‘ f pF(p) uo(Myp) dp .

Thus A, = : @)
‘ f plug(Np)]2 dp ‘ ‘
a

© Although these coefficients have been obtained formally, we can show that when these coef-

ficients are  used -in. the right s1de of (1) it does converge to F(p) at -points of continuity,

assumlng that F'(p) and F’(p) are plecew1se continuous, while at pomts of discontinuity it converges
$F(p+0) + Fip—0)]. : ~

=

A very long hollow cylinder of inner radius ¢ and

outer radius b (whose cross section is indicated in.
Fig. 6-9) is made of conducting material of dif-

fusivity «. If the inner and outer surfaces are kept

at temperature zero while the initial temperature

is a given function f(p), where p is the distance -
from the axis, find the temperature at any pomt

at any later time ¢.

Since symmetry shows that there is no ¢- or z- -depen-
dence, the boundary value problem which we must solve for
U = u(p, t) is

ou R2u - 1ew\
u(a, t) = 0, u(b,t) = 0, ulp, 0) = f(p), [ulp, t)| < M ' (2) . o Fig.6-9.

By separatlon of variables we have as in Problem 6.28 : o
ulp, t) = Wapfomp) +8,7, (xpn - S ®
From u(a,t) =0 and u(b,t) =0 we find E ‘ ‘
aJo(Aa) + b, Y, (0a) = 0,  ayJy(AB) + b, Y (\B) = 0 , W
These equations lead to the equation : : ‘ }
' Yo00) Johb) = Jo(ha) Yo(b) = -0 o s ®)
for detgrm}'ning A. The equation (5) has mﬁmtely many- positive roots Ay, A, ... . /

From: the first equation in (4) we find ‘ ' . L

b a;Jo(Aa)
. Ys(Aa)
so-that (3) can be written ‘ o » . SRS
ulp, t) = Ae= MY () Jo(p) — Jo(ha) Yo(ro)] T 6)
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6.35.

Using the fact that for A = A,, (6) is a solution, together with the principle of superposition,
we obtain the solution

wort) = B ApeT M o) @)

where Uy(Amp) = Yo(hpa) Jy(Amp) — Jo(An@) Yo (App) ®

From the condition u(p, 0) = f(p) we now obtain from (?)

flo) = 2:1 Apnug(Ampo) 9)
b
f pf(p) uo(Amp) dp
Then A, < 5 (10)
| oluaOume? do

Substitution of these coefficients into (?) gives the required solution.

A simple pendulum initially has a length of
lo and makes an angle 6, with the vertical. It
is then released from this position. If the
length I of the pendulum increases with time ¢
according to I = lo+ ¢ where ¢ is a constant,
find the position of the pendulum at any time
assuming the oscillations to be small. mg sin 8 /\

Let m be the mass of the bob and ¢ the angle
which the pendulum makes with the vertical at any
time ¢. The weight mg can be resolved into two com-
ponents, one tangential to the path and given by
mg sin ¢ and the other perpendicular to it and given
by mg cos 8, as shown in Fig. 6-10. From mechanics
we know that Fig. 6-10

mg cos @

Torque about 0 = dit (Angular momentum about 0)

or (—mg sing)l = Zid_t(mpé) (1)
where 6 = do/dt. This equation can be written as
15 + 216 + gsing = 0

or since I = [y + et,

(lo+et)8 + 26 + g6 = 0
Letting « = I, + ¢ in this equation it becomes

d%e de

g —
xw + 2@ + 50 = 0 (2)

Multiplying by « and comparing with equations (26) and (27), page 101, we find that the solution is

1
= W[AJ1<3‘:—5\/10-+¢> + BY1<%5\/10+¢>] o @®

Since 6 =4, at ¢ =0 we have

T AL () .




122 BESSEL FUNCTIONS ANDP APPLICATIONS [CHAP. 6

To satisfy 6 =0 at t =0 we must first obtain ¢ = dé/dt. We find

io= ¥ - S t)3,2[AJ1<2‘/_\/10T> + BY (2‘/_\/70'1?>]

dt " 20,
Thd + - [AJ1<2‘/_\/10T> + BY] <2‘/_\/l_1—>:|

Now since 6 =0 for ¢t =0 we find

0 = 213/2[ J‘<ﬂ> BY‘<2‘/TO>]
e Lan(2EE) ¢ ori(2E))
B | AJ{<2\/€QTZ"> + BY{<2

glo an
i (%)
P 2Vg ,
Solving for A and B from (4) and (5) we find

4 = YWYi- @)Y,
LY, - Y]

g - W= Vil
LY - YJp

or using (4)

(6)

where the argument 2V/gly/e in Jy, Ji, Yy, Y{ has been omitted.

Now from Problem 6.58 with n =1 we know that

H@) Yi@) - Vi@ i@ = =
so that J1<2\/g_l°>Y{<2m> - Y1<2\/g_l°>,]; <2\/g_l0> = <
€ € € € gl()

Thus (6) becomes

Vg Loy Y;<2V9l0> _ 7V 6, Y1<2V9'l0>
€ € 2 €

B =

T lo 00,] <2Vgl0> 77\/5 l000 J'<2V9'l0>
W - —_—J1
2 € € €

Now from formula 3, page 99, with n =1 and the corresponding formula involving Y, for n =1,
we have from (?)

4 _ 77\/21_000 Y2<2\/g_l0>
(8)
#\/Eoo <2\/g_l0>
B 5 2l —

Using these in (3) we thus find

- ) o) - () ()]
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Supplementary Problems

BESSEL FUNCTIONS OF THE FIRST KIND

6.36.

6.37.

6.38.

6.39.

6.40.

6.41.

6.42.

6.43.

_x a8 x5 x7 . . _
(@) Show that Jy(z) = S 2 + 52426 324%6%8 4+ -+ and verify that the interval of conver
gence is —w < < »,
(b) Show that Jo(x) = —J,(x).

(¢) Show that %[le(x)] = xdy(x).

Evaluate (a¢) J5,5(x) and (b) J_j5,»(x) in terms of sines and cosines.

Find J3(x) in terms of Jy(x) and J; (x).

Prove that (a) JJ(x) = %[Jn_z(x) — 2J,(x) + I, 4 0(2)]
®) T@ = $ams@ = 3u s (@) + 8y 1(2) = Ty is(@)]

and generalize these results.

1
Evaluate (a) fx3J2(x) dz, (b) j; x3Jy(x) dx,  (c) fszo(x) dzx.

3 Js ()
Evaluate (@) Ji(Vz)dx, (b) o dx.
Evaluate f Jo(x) sinx da.
Verify directly the result J/(2)J_n (@) — J (@) Jn(z) = z—s:r%M for (@) n =% and (b) n= %

GENERATING FUNCTION AND MISCELLANEQOUS RESULTS

6.44.

6.45.

6.46.

6.47.

6.48.

6.49.

Use the generating function to prove that J,(x) = 3{Jp—1(@) + Jp11(®)] for the case where n is an
integer.

Use the generating function to work Problem 6.39 for the case where 7 is an integer.

Show that (a) 1 = Jy(x) + 2J,(x) + 2J4(x) + - -
(0) Jy(@) — Ja(@) + J5(@) — Jo (@) + -0 = %sinx

Show that %Jl(x) = Jy(x) — 274(x) + 3Tg(x) — -+

2 /2
Show that Jy(x) = —;f cos {x sin 8) ds,
(i

w/2

Show that  (a) Jy (@ cos o) dp = L C08%
[

X

w2 J
®) Jo(x sin 6) cos 6 sine do = 1(%) .
0

x
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6.50.

6.51.

6.52.

6.53.
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x 0
Show that f Jo®)dt = 2 3 Joes1(@).
0 =

“ 1
Show that (a) J; e~axJy(bx)de = ————

Va2 + b2
(Va2 + b2 — a)r

—_— ', n>—1

- (b) J; e~z ], (bx) dx \/m

Show that f Jo(x)de = 1.
0

Prove that |J,(z)] =1 for all integers n. Is the result true if n is not an integer?

BESSEL FUNCTIONS OF THE SECOND KIND

6.54.

6.55.

6.56.

6.57.

6.58.

6.59.

6.60.

Show that  (4) Yar1(0) = 22V,() = Yams(@), () Yil@) =

DO

[Yn—l (x) - Yn+ 1 (x)]

Explain why the recurrence formulas for J,(«x) on page 99 hold if J,(x) is replaced by Y, ().
Prove that Y, () = —Y ().
Evaluate (a) Yy,(2), (0) Y_y5(®), (c) Ygplz), (d) Y_gp(x).

Prove that  J,(2) Yo(2) — Jo(@) Yo(z) = —=.
T

Yalx
Evaluate (a) fw3Y2(x)dx, (b) fY3(x) da, (c)f 3§x)dx.

X

Prove the result (11), page 98.

FUNCTIONS RELATED TO BESSEL FUNCTIONS

6.61.

6.62.

6.63.

6.64.

6.65.

6.66.

6.67.

2 4 6
Show that Iy(x) = 1424 % %

22 " 9242 ' 9242g2 T

Show that  (a) In(#) = }{Io—1(®) + Lis1(®@)}, (B) aly(@) = al,_y(@) — nl,(x).

erd)

Show that e2\" ¢ S I(x)tr is the generating function for I,(x).

2 T/2
Show that Iyz) = ;f cosh (x sin ) de.
0

Show that (a) sinhx

2[Iy(x) + I(x) + - - ‘]
(b) coshzx

Ip(x) + 2[Io() + Iy(x) + - - -].

Show that (a) Iy(x) = ‘\’ r—zx(COSh z — &n:_x) (0) I_3/5(%) = 4 ’ ;2:;<sinh x — ___cosxh x)

(@) Show that Kn., () = K,_(z) + 2"

same recurrence formulas as I,(x). x

™ K,(x). (b) Explain why the functions K, (z) satisfy the



CHAP. 6] BESSEL FUNCTIONS AND APPLICATIONS 125

6.68.

6.69.

6.70.

Give asymptotic formulas for (o) H (@), (b) H{ (x).

o (x/2)%tn 3n + 2k
Show that (a¢) Ber,(x) = 2 BT R cos< 1 >n’.
. - (/2)%k+n . (8n+ 2k
(b) Bei,(x) = & T RTD sm< 4 >n-.
Show that ] . (/2
Ker(x) = —{In(x/2) + y} Ber(x) + %Bei(:c) +1 - %—/'2%(1+%) + 2!2 aA+3+3+3 — -

EQUATIONS TRANSFORMABLE INTO BESSEL’S EQUATION

6.71.

6.72.

6.73.

6.74.

6.75.

6.76.

6.77.

6.78.

6.79.

Prove that (27), page 101, is a solution of (26).

Solve 4y’ + 4y +y = O.

Solve (a) a2y’ + 2y +2y = 0, (b) y'" + 22y = 0.
Solve y'/ + €2y = 0. [Hint. Let e* = .

(@) Show by direct substitution that y = Jy(2Vx) is a solution of =y’ +¥% +y =0 and (b) write
the general solution. ’

(a) Show by direct substitution that y = Vi J,3(34%/2) is a solution of 3" + 2y = 0 and (b) write
the general solution.

(a) Show that Bessel's equation x2y’' + xy’ + (¥2— %2y = 0 can be transformed into

d2u n2 —1/4 _
proi <1 %2 )u =0

where ¥ = w/\Vx. (b) Discuss the case where n = *1/2.

(b) Discuss the case where z is large and explain the connection with the asymptotic formulas
on page 101.

Solve 22y —axy’ + 22y = 0.

Show that the equation (26) on page 101 has the solution (28) if o« = 0. [Hint. Let y=a? and
choose p appropriately, or make the transformation x = et.] :

ORTHOGONAL SERIES OF BESSEL FUNCTIONS

6.80.

6.81.

6.82.

6.83.

6.84.

Is the result of Problem 6.27, page 113, valid for —1 =« = 1?7 Justify your answer.
2
Show that fx.lﬁ(m) dr = %[Jf()m) + 72,1 00)] — %Jn(m) Jas10) + ¢

Prove the results (34) and (35), page 102.

1 — 22 b JO()‘px)
Show that = eI -1<zx<1
8 5= B J10,) v
where )\, are the positive roots of Jo(A) = 0.
2 I\ )
Show that x e —-1<x<1
=1 N30n) TS

Wwhere ), are the positive roots of J;{}) = 0.
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6.85.

6.86.

6.87.

6.88.

6.89.

6.90.

BESSEL FUNCTIONS AND APPLICATIONS [CHAP. 6

©  2(8 —A2) J;(A,x)
ShOW that 3 = 2 ___p—l_p__ —-1<x<1

p=1 )\2.]{ )
where ), are the positive roots of Ji(A) = 0.
2 2002 —4) Jy(\yx)

Show that 2 = ¥ —  -—-1<z<1
=1 N3Ji()

where )\, are the positive roots of Jo(2) = 0.

Jo (ax) ® Apdo(Apt0)
—_— = —_——— —-1<z<1
Show that 2J,(a) p§l ()\% —a?) J1(A,)

where A, are the positive roots of J,(A) = 0.

If flx) = pél A Jy(\x)  where Jo(A,) = 0., p=1,2,8,..., show that
1
j; x[f(x)]}2 dx

Compare with Parseval’s identity for Fourier series.

pgl A2730,)

Use Problems 6.84 and 6.88 to show that

'awl"“
N

where A, are the positive roots of Jy(\) =0

Derive the results (@) (35) on page 102, (b) (36) on page 102, and (c¢) (87) on page 102.

SOLUTIONS USING BESSEL FUNCTIONS

691

6.92.

6.93.

6.94.

The temperature of a long solid cirecular cylinder of unit radius is initially zero. At ¢ =0 the
surface is given a constant temperature u, which is then maintained. Show that the temperature

of the cylinder is given by Ty ()
hd 4 2
t — — n —KApt
u(p, £) Uo {1 2 21 )‘nJl( n) }

where \,, » =1,2,8,..., are the positive roots of Jo(A\) = 0 and « is the diffusivity.

Show that if F(p) = uy(1 — ¢2), then the temperature of the plate of Problem 6.28 is given by

u(p, ) = druy § JO()\np) Jz()\n) o

—— K)\it
n=1 )‘%J%()\n)

A cylinder 0<p<a, 0<z<! hasthe end z=0 at temperature f(p) while the other surfaces
are kept at temperature zero. Show that the steady-state temperature at any point is given by

2 2 Jo(p) sinh\,(I—2) (e
u(p,2) = —5 (p) Jo (\pp) d,
(b, 2) s ”gl T 0a) sinb | pf(p) Jo(\np) dp

where Jy(A@) =0, n=1,2,3,....

A circular membrane of unit radius lies in the xy-plane with its center at the origin. Its edge
p =1 is fixed in the xy-plane and it is set into vibration by dlsplacmg it an amount f(p) and then
releasing it. Show that the displacement is given by

i Jo(Anp) cos A,t

2(p,t) = =, - 2-’%(}\1,)

where A, are the roots of Jy(A) = 0.

1
fo o (6) Jo (o) dp
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6.95.

6.96.

6.97.

6.98.

6.99.

6.100.

6.101.

6.102.

6.103.

(a) Solve the boundary value problem

2w Pw  low 1 Pu
2 T 92 pdp  p? 0g?

where 0 <p <1, 0<¢<2r, t>0, u is bounded, and
u(l,¢,t) = 0, ulp,¢,0) = pcos3¢, wulp, 9,00 = 0

(b) Give a physical interpretation to the solution.

Solve and interpret the boundary value problem
() _ %
z\"ox) T o

given that y(z, 0) = f(x), y,(x,0) =0, y(1,¢) = 0 and y(z,?) is bounded for O0=xz=1, t> 0.

(a) Work Problem 6.93 if the end 2z = 0 is kept at temperature f(p, ¢). (b) Determine the temper-
ature in the special case where f(p, ¢) = p2 cos ¢.

(@) Work Problem 6.93 if there is radiation obeying Newton’s law of cooling at the end z = 0.

A chain of constant mass per unit length is suspended vertically 0
from one end O as indicated in Fig. 6-11. If the chain is displaced
slightly at time ¢ = 0 so that its shape is given by f(z), 0< « < L,
and then released, show that the displacement of any point x at
time ¢ is given by

yle, t)y = 3 AnJ0<2>\n1 , L- x> cos A,t
n=1 g

ylz, t)
where ), are the roots of Jy(2AVL/g) =10 and .
9 1
A =—~f Jo(Ap) F(L — Lgv2) d ig. 6-1
n o Jo vl (A,v) f(L — Lgv?) dv Fig. 6-11

Determine the frequencies of the normal modes for the vibrating chain of Problem 6.99 and indicate
whether you would expect music or noise from the vibrations.

A solid circular cylinder 0 <p<a, 0<2z<L has its bases kept at temperature zero and the

convex surface at constant temperature u,. Show that the steady-state temperature at any point
of the cylinder is

1o[(2n — 1)zp/L] sin [(2n — 1)r2/L]
(2n — DI[(2n — 1)7a/L)

duy =
u(p’ Z) = T n§='1

where I is the modified Bessel function of order zero.

Suppose that the chain in Problem 6.99, which is initially at rest, is given an initial velocity dis-
tribution defined by k(x), 0 < « < L. Show that the displacement of any point z of the string at

any time t is given by )
y, ) = 3 BnJ0<2>\n1 ' L-z sin At
n=1 g

where ), are the roots of Jo(2A\VL/g) =0 and

1
B, = ;n-J—f(k—) fo 0y () R(L — 3g?) dv
1\

Work Problem 6.99 if the chain is given both an initial shape f(x) and initial velocity distribution A(zx).
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6.104.

6.105.
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The surface p =1 of an infinite cylinder is kept at temperature f(z). Show that the steady-state
temperature everywhere in the cylinder is given by

1 r® » f(v) cos A(v — 2)Io(Ap)
ulp,2) = ;-’;\:0 £=_w T,) dx dv

A string stretched between x =0 and « = L has a variable density given by ¢ = g+ ex where
0o and e are constants. The string is given an initial shape f(«x) and then released.

(@) Show that if the tension 7 is constant the boundary value problem is given by

2y %y
roa = (ot gy 0<a<L, t>0
¥(0,8) = 0, y(L,t) = 0, w0 = f&), ylz0 =0, |yt <M

(b) Show that the frequencies of the normal modes of vibration are given by f, = «,/2r where
the v, (n =1,2,8, ...) are the positive roots of the equation.

Jisslaw) J_1/3(Bw) = Jy3(Be)d _1/3(aw)

. . 20 ag ) oy T el
in which a = oAl B = 3. -

MISCELLANEOUS PROBLEMS

6.106.

6.107.

6.108.

6.109.

6.110.

6.111.

6.112,

A particle moves along the positive x-axis with a force of repulsion per unit mass equal to a
constant o2 times the instantaneous distance from the origin. If the mass m increases with time
according to m = my+et, where m, and ¢ are constants, and if initially the particle is located at
the origin and traveling with speed vgy,.show that the position « at any time ¢ > 0 is given by

myv m
¢ - o {K()(a 0> lo<amo + at> B Io<am0>Ko<am0 + at)}
€ € € € €
Show that if m #* n
I (Z2) I, (AZ)
[RASEAC

X

= S 00 T 00) = Tu00) T 0a)) + o

JZ (A
X

Deduce the integral f dx by using a limiting procedure in the result of Problem 6.107.

Show th e 1
ow that j; de = oniD(m) n>0

Explain how the Sturm-Liouville theory of Chapter 3 can be used to arrive at various results
involving Bessel functions obtained in this chapter.

A cylinder of unit height and radius (see Fig. 6-8, page 115) has its top surface kept at tem-
perature u, and the other surfaces at temperature zero. Show that the steady-state temperature at
any point is given by

@ (sinh A;2)J(Anp)
X = 2 BT U ATy
u(p, 2) o ,,gl (A\n sinh A)J; (A,)

where ), are the positive roots of J,(A) = 0.

Work Problem 6.29 if the base 2z = 1 is insulated.
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6113,

6.114.

6.115.
6.116.

6.117.

6.118.

6.119.

6.120.

Work Problem 6.29 if the convex surface is insulated.

Work Problem 6.29 if the bases' 2=0 and 2z =1 are kept at constant temperatures u'l and u,
respectively. [Hint. Let u(p,?,t) = v(p, 2, t) + w(p,2) and choose w(p,z) appropnately, notmg that
physically it represents the steady-state solution.]

Show how Problem 6.29 can be solved if the radius of the cylinder is @ while the height_ is h.
Work Problem 6.29 if the initial temperature is f(p, ¢, 2).

A membrane has the form of the region bounded by
two concentric circles of radii ¢ and b as shown in
Fig. 6-12.

(@) - Show that the frequencies of the varlous modes
of v1brat10n are given by .

fmn ’ 2_77_‘

where 7 is the tension per unit length, x is the mass
per unit area, and A, are roots of the equation

I M@ Yy WB)— Iy AB) Y e (A@) =

(6) Find the displacement at any time of any point ' Fig\ 612
of the membrane if the membrane is given an : )
initial. shape and then released.

A metal conducting pipe of diffusivity « has inner radius a, outer radius b and height h. A co-
ordinate system is chosen so that one -of the bases lies in the xy-plane and the axis of the pipe
is chosen to be the z-axis. If the initial temperature of the pipe is f(p,2), € <p <b, 0 <z <h,

-~ while the surface is kept at temperature zero, find the temperature at any point at any time.

Work Problem 6.118 if the initial temperature is f(p, ¢, 2):

Work Problem 6.118 if (a) the bases are msulated (b) the convex surfaces are insulated, (¢) the
entire surface is insulated.

e



Chapter 7

Legendre Functions and Applications

LEGENDRE’S DIFFERENTIAL EQUATION

Legendre functions arise as solutions of the differential equation
A—a?)y” —22y’ +n(n+1)y = 0 (1)

which is called Legendre’s differential equation. The general solution of (1) in the case
where 7=0,1,2,8,... is given by

Y = c1Pn(x) + c2Qn(2) | (2)

where P,(x) are polynomials called Legendre polynomials and Qu(x) are called Legendre
functions of the second kind. The Q.(x) are unbounded at x = =1.

The differential equation (1) is obtained, for example, from Laplace’s equation V?x =0
expressed in spherical coordinates (7,6,¢$), when it is assumed that u is independent of ¢.
See Problem 7.1.

LEGENDRE POLYNOMIALS
The Legendre polynomials are defined by

_ @u=1@n-3)-1f . wn—1) ., am-DEa-2)m-3) .,
Pua) = nl {x “2@n—1) tera@n-D@n-3) * } %)

Note that P.(x) is a polynomial of degree n. The first few Legendre polynomials are as
follows:

Po() = 1 Pyx) = %(5903—37.)
Pi(x) = = Py(x) = %(35x4—30w2+3)
Py(x) = %(3902—1) Py(x) = %(63x5—70x3+15x)

In all cases P.(1) =1, P.(—1)= (-1~

The Legendre polynomials can also be expressed by Rodrigue’s formula:

1 d»
P.(x) = St dan (2% — 1) (4)

130
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GENERATING FUNCTION FOR LEGENDRE POLYNOMIALS
The function

1 o0
—— = P. n 5
1—2xt+¢t2 n2=0 @) )

is called the generating function for Legendre polynomials and is useful in obtaining their
properties.

RECURRENCE FORMULAS

2n+1 n
1. Pn+ l(x) n + 1 xPn(x) - -mPn_l(x)
2. Poii(x) — Pa-1(z) = (2n+2)Pu(2)

LEGENDRE FUNCTIONS OF THE SECOND KIND

If |x] <1, the Legendre functions of the second kind are given by the following, ac-
cording as n is even or odd respectively:

—1)M29n[ (/2 12 -1 2
Q@ = SEI] - (‘75—3)'("—”9”
B + (n—l)(n—?’%(‘.”+2)(n+4) 25 — } (6)
B (_1)(n+1)/22n—1{[(n_1)/2]!}2 n(n+1) »
Qu(z) = 1-3°5--n {1_ or
4 Hno2 e } @)

For n > 1, the leading coefficients are taken so that the recurrence formulas for P,(x) above
apply also Qn{(x).

.ORTHOGONALITY OF LEGENDRE PQLYNOMIALS
The following results are fundamental:

i 11 Pa(@Pu(@)de = 0  if m#n 8)

2
f_l [Pr(@)]?de = 5577 Q)

The first shows that any two different Legendre polynomials are orthogonal in the interval
-1<e<1.

SERIES OF LEGENDRE POLYNOMIALS

If f(x) and f'(x) are piecewise continuous then at every point of continuity of f(x) in
the interval —1 <a <1 there will exist a Legendre series expansion having the form

f(#) = AwPo() + APi(x) + AsPa(r) + -+ = kﬁ“AkPk(x) (10)
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where A = 2k2+ 111 f(x) Pi(x) da ' (11)

At any point of discontinuity the series on the right in (10) converges to 4[f(x +0) + f(x — 0)],
which can be used to replace the left side of (10).

ASSOCIATED LEGENDRE FUNCTIONS
The differential equation

1—2¥)y” — 2zxy +[ (n+1) x2]y = (12)

is called Legendre’s associated differential equation. If m = 0 this reduces to Legendre’s
equation (7). Solutions to (12) are called associated Legendre functions. We consider the
case where m and » are non-negative integers. In this case the general solution of (12) is
given by }
y = aPa(x) + cQn(®) (13)

where P;'(x) and Q'(x) are called associated Legendre functions of the first and second kinds
respectively. They are given in terms of the ordinary Legendre functions by

Pl@) = (1 —‘xz)mmj—;np,.(x) | (24)

Qu(z) = (1—a)m2 j’% Qn () (1%)

Note that if m >n, P,'(x) =0. The functions Q%' (x) are unbounded for == = 1.

The differential equation (12) is obtained from Laplace’s equation V2u =0 expressed
in spherical coordinates (7, 6,4). See Problem 7.21.

ORTHOGONALITY OF ASSOCIATED LEGENDRE FUNCTIONS

As in the case of Legendre polynomials, the Legendre functions Py (x) are orthogonal
in ~-1<zx<1, ie.

ﬁ 11 Pl)Pl@dy = 0  nrk (16)
‘We also have
1 !
S P@rar = 5 o )

Using these, we can expand a function f(z) in a series of the form

flo) = 3 AP 9)

SOLUTIONS TO BOUNDARY VALUE PROBLEMS
USING LEGENDRE FUNCTIONS

Various boundary value problems can be solved by use of Legendre functlons. See
Problems 7.18-7.20 and 7.28-7.30.
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Solved Problems

LEGENDRE’S DIFFERENTIAL EQUATION

7.1. By letting u = R®, where R depends only on » and ® depends only on 6§, in Laplace’s -
equation V2 = 0 expressed in spherical coordinates, show that B and @ satisfy the

equations

?R dR _ d/ . @) g [t _
ﬁF+2 d_+'\2R =0 %<sm6da — A(sin6)® = 0

Laplace’s equation in spherical coordinates is given by
19 u 1 a3 o 1 %
2 U _ —— =
2 ar<r ar> T sine00\® %) T Paineoagr T O (1)
See (4), page 5. If u is independent of ¢, then the equation can be written
19 ou 1 3 du _
2 5(7 ar> T sin 6 60<sm0 60> =0 . @)
Letting « = R® in this équation, where it is supposed that R depends only on r while 6 depends
only on 6, we have
edf,dR\ R df a8\ _
72 dr dr 2 sing do sing de -
Multiplying by 2, dividing by R and rearranging, we find
1 o AR _ 1 d de
Rd'r’f dr T T esineds smedo

Since one side depends only on » while the other depends only on ¢, it follows that each side must
be a constant, say —A\2. Then we have

1d/ dR
m:(*’%) = ™ . ®)
1 d @\ _

and o sin g do(sme d0> = N “4)

which can be rewritten respectively as

dR
72“111: + S+ R = 0 5)
d/ . de .
and d—0<sm0—d0> — M(sing)® = 0 (6)

as required.

7.2.  Show that the solution for the R-equation in Problem 7.1 can be written as

R = Arm + ,ﬁl

where A?= —n(n +1).
The R-equation of Problem 7.1 is

d2R dR
2z + Zro-+ MR = 0.
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7.3.

74.
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This is an Euler or Cauchy equation and can be solved by letting R = r? and determining p.
Alternatively, comparison with (26) and (28), page 101, for the case where z =7, ¥y =R, k=14,
« =0, 8 =\ shows that the general solution is

R = 1-—1/2{A;,-\/1/4—)\2+ B,r_‘/1/4_)‘z]
R = Ar—12+V1a=2 4 Bp—1/2— Vira—»2 o

or

This solution can be simplified if we write

1 1
—_ = =22 =
3 +_ 7N n @)
so that
_1_ 1/1_ 2 = _p—
3 1M = -1 €))
In such case (1) becomes B
R = Arm + 53 (4)

Multiplying equations (2) and (3) together leads to
A2 = —nunr+l) 5)

Show that the ®-equation (6) of Problem 7.1 becomes Legendre’s differential equation
(1), page 130, on making the transformation ¢= cos4.

Using the value A2 = —n(n + 1) from (5) of Problem 7.2 in the ©-equation (6) of Problem 7.1,
it becomes

(;)(sma‘;:) 4 nn+1)sine)e = 0 @

We now let ¢ = cosé in this equation. Then

o _ dody _ . dO
de ~ drde TSmO
de de de
e L . 2 1y &2
Thus sin 6 s sin2 ¢ i (,2—-1) at
since sin2¢ = 1 —cos2¢ = 1 — g2, It follows that
df. .do\ _ d l: s 128
d—g(sma da) = T (£2-1 dz
d de | . ‘
= 2 — = — — 2y
di I:( 1) dg do i l:(l g)dg sin ¢ 2)

Using this in (Z) and canceling the factor sin ¢, we obtain

d de

=11 —2) % _

dgl:(l g)dg + nrn+1)6 = 0 (€3]
Replacing ® by y and ¢ by x, and carrying out the indicated differentiation, yields the required

Legendre equation
1—22)y” — 2xy’ + nn+l)y = 0 4)

Use the method of Frobenius to find series solutions of Legendré’s differential equa-
tion (1—aY)y” — 22y’ + n(n+1y = 0.

Assuming a solution of the form y = 3 ¢o*+8 where the summation index k goes from
—» to ©» and ¢, =0 for k<0, we have
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7.5.

nn+1)y = 2 nn+ eakts
—2uy = Z—2(k+ plogkth
A—a2y" = B (k+p)k+p—Deuktp=2 — Z (k+ )k + p— 1ok th

Sk+p+2)k+ B+ 1)cy 400k TB — 3 (k+ B)k+ B — 1)epukth
Then by addition,

Sk+B+2)k+ B+ Voo — (k+ B+ B—1e, — 20k + Bl + nn+LeJakt; = 0
and since the coefficient of x*+# must be zero, we find »
(k+B+2(k+B+1epso + [mn+1) —(k+pNk+B+1De, = 0 )
Letting & = —2 we obtain, since ¢_, =0, the indicial equation B(8—1)cy = 0 or, assuming
co#*0, =0 orl.
Case 1: g=0.

In this case (1) becomes

(k+2)(k + Dogyp + [n(n+1) — Kk +Dle, = 0 @

Putting k= -1,0,1,2,3,... in successior}, we find that ¢, is arbitrary while
o = _n(nz-!{- 1) o o = 1-2 —37;(% +1) e o = 2-3 ——47:(% +1)] o
and so we obtain
y = 00[1 _ ZL(nTJ!rL)xz + n(n—2)('n4-!+- Dnt+38) 4 _ :'
n c:l:w _(n —1{)})(;n+ 2) o 4 (n—l)(n—3;(!n+2)(n+4) o5 — :' )

Since we have a solution with two arbitrary constants, we need not consider Case 2: g = 1.

For an even integer » = 0, the first of the above series terminates and gives a polynomial
solution. For an odd integer = > 0, the second series terminates and gives a polynomial solution.
Thus for any integer n = 0 the equation has polynomial solutions. If » =0,1,2,8, for example,
we obtain from (8) the polynomials

- 3
€o» €12, 00(1 - 3%2), 41 <§§2—5x>

which are, apart from a multiplicative constant, the Legendre polynomials P,(x). This multipli-
cative constant is chosen so that P,(1) = 1.

The series solution in (8) which does not terminate can be shown to diverge for « = =1, This
second solution, which is unbounded for « = *1 or equivalently for ¢ = 0,7, is called a Legendre
function of the second kind and is denoted by @Q,(x). It follows that the general solution of
Legendre’s differential equation can be written as

Yy = ¢ Pyp(x) + c3Qy()

In case # is not an integer both series solutions are unbounded for « = =1,

Show that a solution of Laplace’s equation V2 =0 which is independent of ¢ is
given by

w = (Al"m + %)[A?,Pn(g) + Ban(f)]

where £ = cosd.
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This result follows at once from Problems 7.1 through 7.4 since u = K6 where

B,
R = Ay + prEsy

and the general solution of the 8-equation (Legendre’s equation) is written in terms of two linearly
independent solutions P, (¢) and @,(¢) as

0 = AyP,(¢) + ByQ,(¢)

The functions P,(¢) and @, (t) are the Legendre functions of the first and second kinds respectively.

LEGENDRE POLYNOMIALS
7.6. Derive formula (3), page 130, for the Legendre polynomials.

From (2) of Problem 7.4 we see that if k== then ¢,.,=0 and thus ¢,,4 =0, ¢ch46=

0,.... Thenletting k¥ = n—2,n—4, ... we find from (2) of Problem 7.4,
) _ _nn—1) _ _(n—2)@n—38) _ ae—1)(n—2mn—38)
Cn-2 T Togp—1)w  Cn—4 T a2n—3) %2 T 2 i@n—1)@n-—-3) ™

This leads to the polynomial solutions

_ . mmr=1) nr—1)n~-2)n—38) _, .
y = cnl:x 2(2n_1)x 2+ 2-4(2nA—1)(2n—3) an :]

The Legendre polynomials P, (x) are defined by choosing
(2n—1)(2n—3)---3-1

€n

n!
This choice is made in order that P, (1) = 1.
. Co, 1 da
7.7. Derive Rodrigue’s formula Pn(x) = Sl A2 (22 = 1),

By Problem 7.6 the Legendre polynomials are given by

B _ —8)...3. -1 nn—1)n—2)n—38)  _
p ~ @n—-1)@2n—3)---3-1) _ nn n—2 n—4 — ...
n (2) poy T en—1% T e i@n—DEn—3) °
Now integrating this n times from 0 to x, we obtain
(2n—1)(2n—3)---3-1 _ _ MR —1) oneg _ ...
@ x2n ng2n—2 4 a1 x2n—4

which can be written

2n—1)2n—3)---3+1 n I SR
EEn—DEn—9 2.1 @ 1 or F @
which proves that 1 gr
Pu(®) = Gunt gn -1
GENERATING FUNCTION
1 o«
78. Provethat ————— . = Pa(x)tn,
V1-—2xt + 2 nzo (®)
Using the binomial theorem
A+op = 14 pv + p(pgjl)vz + p(p_?,(”_z) vt e
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we have
1

V1—2xt+ 12

= [1— t2x—t)]-12

1 1-3 1-3+5
= 1+ FH2—t) + 5oy R@ -2 + FTete— 13 +

and the coefficient of t* in this expansion is

1-8+5---(2n—1) _1+3:5@n—38) (=1, . .
21620 " T g @n—9 11 &
1:3:5---2n—5 (n—2)(n—3) 4 _
t 36 -4 2y 2"

which can be written as

1-3+5---(2n—1) ) nr—1) n(n—1)(n—2)(n—3) n—t ..
il {” T = T 2eamm—nEn—9 = }

ie. P,(x). The required result thus follows.

RECURRENCE FORMULAS FOR LEGENDRE POLYNOMIALS

2n + 1 n

79. Provethat P,.i(x) = P P (2) — =

P, (x)

From the generating function of Problem 7.8 we have

1 ©
Vicztre - D@0 | o
Differentiating with respect to ¢, "
x— 1

_w—t B
(1 —2at + 229372 2, WPu(@)tn

Multiplying by 1 — 2xt + £2,
r—t ©

Vi—Zztte = n§0 (1 — 2xt + 2P, (x)tn—1 2)
Now the left side of (2) can be written in terms of (1) and we have
2 @t )t = T (1-2t+ )nP, (x)tn1
n=0 n=0
ie.
20 aPy(o)tr — 3 P.(x)tntl = 3 ap, (x)n1 — 20 2nzP, (x)tr + 20 nP, (z)tn+1
n= n=0 n=0 n= n=

Equating the coefficients of t* on each side, we find
ZPp(@) — Ppy(@) = (m+1)P, ;i (x) — 2naP,(x) + (n— 1P, _,(x)

which yields the required result.

7.10. Giventhat Po(x) =1, Pi(x) = z, find (a) Px(x) and (b) Ps(x).
Using the recurrence formula of Problem 7.9, we have on letting n =1,

3 1 3 1
Py@) = aPi) - 3Po@) = gut — 3 = 3@2-1)
Similarly letting n = 2,

5 2 2 _
Pye) = gaPy(e) — 2Pyx) = §x<3”——1->—3x = %(51:3—300)
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LEGENDRE FUNCTIONS OF THE SECOND KIND

7.11.

7.12.

Obtain the results (6) and (7), page 131, for the Legendre functions of the second kind
in the case where 7 is a non-negative integer.

The Legendre functions of the second kind are the series solutions of Legendre’s equation which
do not terminate. From (8) of Problem 7.4 we see that if n is even the series which does not termi-
nate is
m—1)n—3)(n+2)(n+4) .

51 v

3 +

(n—1)(n+2)
- 3!

while if n is odd the series which does not terminate is

n(nz-i- 1) 2 + n(n — 2)(n4—t— 1)(n + 3) ot —

1 —
These series solutions, apart from multiplicative constants, provide definitions for Legendre func-
tions of the second kind and are given by (6) and (7) on page 131. The multiplicative constants

are chosen so that the Legendre functions of the second kind will satisfy the same recurrence for-
mulas (page 131) as the Legendre polynomials.

Obtain the Legendre functions of the second kind (@) Qu(x), (b) Qi(x), and (c) Q(x).

(e¢) From (6), page 131, we have if n =0,

2 123+2-4 1°3+5+2+4+6
Q@) = @ + gyad + gt + 5 J¥ SRR
. a3 x5 x7 1 1+
= st Aty hgt —§‘“<1——75>

where we have used the expansion In(1+u) = u— u2/2+u3/3—ut/a+ --- .,
(5) From (7), page 131, we have if n=1,

Qz) = —{1 - (12>§2) 2 + <1><—1>!<2)<4> ot — DEDEDRAE) 46 }

6!

= #oE L = Eg(lte

(¢) The recurrence formulas for @, («) are identical with those of P,(x). Then from Problem 7.9,

Qi = 2l - 220, 4@

Putting » =1, we have on using parts (a) and (b),

Qsx) = ' %le(x) - %Qo(x) — <3x2 - 1) In <1 + x> _ 3z

4 1—=z 2

ORTHOGONALITY OF LEGENDRE POLYNOMIALS

7.13.

1
Prove that f Pyp(x)Pu(x)yde = 0 if m +#n.
-1

Since P, (x), P,(x) satisfy Legendre’s equation,
(1—22)P,, — 22P, + m(m+1)P, = 0
(1—22)P,;" — 2xP;, + n(n+1)P, 0

it

Then multiplying the first equation by P,, the second equation by P,, and subtracting, we find
(1= @)[PyPy, — PuPy] — 22[PyPhp— PPl = [n(n+1) — m(m+1)|PyP,
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which can be written

(1= 49 3 [Py~ PpPy] — 22(PuPy = PPyl = [n(n+1) = m(m+1]PpPy
or A=A, P~ PuPil} = [n(n+1) = mim+ 1P P,

Thus by integrating we have

1
[n('n+1)-m(m+1)]f P,(@)P,()de = (1—a?[P,P,, — P,P,] ! = 0
. ;

—1

Then since m #* n,

1
f P,@x)P,(x)yde = 0
-1

1
2
7.14. Prove that j_l[P"(x)}z do = 5o

From the generating function

—1— = 3 P@nm
V1-—2tx + 2 n=0

we have on squaring both sides,
1

_— = +
T T E m2=0 ngo P, (x) P, (x)tm+n

Then by integrating from —1 to 1 we have

1 . © 0 1
dx
—_— = tmt+n .
[1 1 — 2tx + 2 mgo ngo {£1Pm(x) P, (x) dx}

Using the result of Problem 7.13 on the right side and performing the integration on the left side,

1 o
= 3 { ( 11 [Pn(x)]de} on
or —lt-ln<i * :) = §0 {I‘l [P, (x)]2 dx} t2n

- 20

: S 2t g ! . .
ie. ,Eo Se il = ngo {f_l[Pn(x)] dx}tn

Equating coefficients of 2%, it follows that

_1 _ 2
o7 In(1— 2tz + 12)

fl [P(@)Pde = —2—
e T 2n+1
SERIES OF LEGENDRE POLYNOMIALS
715. If f(x) = X AxPi(z), ~1<x<1, show that
k=0
2k+1 (1
A = 2 j_lPk(ac)f(x) da

Multiplying the given series by P, (x) and integrating from —1 to 1, we have on using Prob-
lems 7.13 and 7.14,
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1 it 1 '
[ Pa@f@a = 34 [ Pu@Pu)ds
—1 = -1
1 24,,
= An f_l[”m‘“"’””x = Fm+i

Then as required, 1
an = 2L P fo) do

1 0<2<1 °°
in a series of the form Y, AiPx(x).

7.16. Expand the function f(x) = { 0 —1<z<0 P2

By Problem 7.15

4 = BI 1f_llPk(x)f(x) o= Hrl f_olPk(x)(O) a + 22 ' Pe@)(1) do
- Zkg_lj;lPk(x)dx

Then 4 = 3 olPo(x)dx = %j;l(l)dm =1
4, = % OlPl(x)dx = %J;lxdx - %
4, = % ole(x)dx = %j;13“22_1dx = 0
4 = 2 01P3(x)dx = %fOIWT*%dx = -1
4, =3 Y %ﬁlwo&a = 0
4, = %folPs(x)dx _ %J;lesxs—vgxulsxdx _ %

etc. Thus flx) = —;—Po(x) + %Pl(x) — 1—761’3@) + ';—;Ps(x) — e

The general term for the coefficients in this series can be obtained by using the recurrence for-
mula 2 on page 131 and the results of Problem 7.34. We find

1 1
A, = 2”—;1]; P,(x)de = %j; [Pl.\ (@) = Pi_y(a)] dw = %[Pn_l(o)—-Pnﬂ(O)]

For n even A, = 0, while for n odd we can use Problem 7.34(c).

7.17. Expand f(z) = 2 in a series of the form Y, AP ().
k=0

Method 1.
We must find 4, k¥=0,1,2,3,..., such that

w2 = AgPy(®) + APy(x) + AyPy(z) + AyPy(a) + ---

32 — 3 _ .
A1) + Ayw) + Az<L 5 1) + A3<—5x - 3”‘) +oeee
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Since the left side is a polynomial of degree 2 we must have 43 =0, A, =0, As;=0, .... Thus

_A‘g ) 3 , v
x2 = AO—"2—+AIW+§A2€V2

. ) . : A, . 3 _
from which . A0~7 = 0, A1 =0, —2—A2 =1
o 1 2
Then N ) Ao = ‘?;, Al el 0, 42 = -3’
: , 1. .2
ie. . ] x2 = -3—P0(x) + §P2(m)
Method 2. ) : .
Usmg the method of Problem 7.15 we see that if
#2 = 3 ApPrlw)
k?()
2k +1 (!
then Ay = ) f_l x2P) (x) da
Putting % =0,1,2,..., we find as before 4, = }, Ay=0,4,=4 4;=0,4,=0, ... so that
. 1 B . .
w2 = 3P + ng(x)

In general when we expand a polynomial.in a series of Legendre polynomlals the series, which
terminates, can most eas11y be found by using Method 1.

. SOLUTIONS USING LEGENDRE FUNCTIONS

7.18. Find the potential v (@) interior to and (b) exterior to a hollow sphere of unit
© ‘radius if half of its surface is charged to potentlal vo and the other half to potential
ZEero.

Choose the sphere in the pos1tlon shown in Fig. 7-1.

Then v is mdependent of ¢ and we can use the results
of Problem 7.5. A solution is

\

* B N
vir, 8) = <A17' + n+1>[A2P ©) + BsQ, (®)]

“where ¢ =cos6. Since v must be bounded at § =0
and 7, i.e. £ = =1, we must choose B, = 0. Then

v(r,6) = <A7‘ +M€I>Pn($)' ; S ).

The boundary conditions are

co v if0<6<I je 0<g<1 °
(1, 8)- { ’ i 2
if—2‘<0<77‘ ie. —1<e<0
and v is bounded. ‘ ' : . Figi 741

(o) Interior Potential, 0 =7 < 1.
Since v is bounded at r= 0, choose B.=0 in (2). ‘Then é solution is”

AmP,(5) = ArP,(coss)

By superposition, » w . . w- ~
v(r,8) = J APulcoss) = 3 AmP(¢)
L ~ n=0
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7.19. - A uniform hemispﬁeré (see Fig. 7-2) has-
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‘When r=1, _ o
‘ ol,0) = 2 A,P,(d
n=0 )
Then as in Problem 7.15, v _ I T ' .-
. ‘ 1 " on + 1 1
4, = 2L gp,@a = vof P, () ds
2 - 2 0 , ‘
from which _ IR : ' N
T 3 e T _ _1
4 = 3% Ay =30 Ay =0, 4y = 5% A =0, A5 = 50
‘ N 1
Thus vr,8) = 5 21y + 'rPl(cos 0) - ~§T3P3(cos 6) + r5P5(cos 0) +
(b) Exterior Potential, 1 < ¢ < », . » 7
-Since v is bounded as »— «, choose 4 =0 in (7). - Then a solution i§
B B . :
/,fn+1 — P (g) = mPn(COS 0)
. By superposition, ' ’ .. & B,
B v(r,o)” : 2 W+1Pn(§)
When r =1, I _
. 'U(l: 0) = E BnP‘n(g) R
n=0 )
Then B, =4, of part (a) and so
v(r,8) = 5 [1 + = Pl(cos 6) — T P3(cos 6) + 1215P5(cos 0) + ¢ ]

its convex surface kept at temperature o
while its base is kept at temperature zero.
Find the steady-state temperature inside.

The boundéry value problem in this case is

Vau = 0
where
% = ug. -on the convex surface
=0 onthe base 4

u

The solution can be obtained from the results of

Problem 7.18. To see this we note that the present . —
problem is equivalent to the problem of solving Fie. 7-2
Laplace’s equation inside a sphere of which ig

(@

)

..

the top half surface is kept at temperature u, and the bottom ‘half surface is kept at temperature
—up. By symmetry, the plane of separation will then automatically be at temperature zero as -

required in thls problem.

We can then obtain the required solutlon by first subtractmg 00/2 from the solunon in Problem

7.18 and then replacing v/2 by u,. The result is

u(r,yo) = uy [g rPI(cos 0) — %7’3P3(cos 9) + 75P5 (cos 6) + ]

The problem can also{ of courSe, be solved directly w1th0ut use of the results in Problem 7.18.
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7.20. (a) Find the gravxtatlonal potential at
any point on the axis of a thin uniform
ring of radius a. (b) Find the potential
of the ring in part (a) at any point in_
space. ' ‘ B

l (a) Choose the ring to be in-the xy-plane so
that the axis is the z-axis as indicated in
Fig. 7-8. Then the potential at any point P
on the z-axis is seen to be the mass of the
ring divided by the distance Va2 + 22 from
any point @ on the ring: to- the point P,
Letting o denote the mass per unit length
of the ring it follows that the potential at
Pis ; ; y
op = 2rao o

yq,2+22

(b) - In this case we must solve Laplace’s equa-
tion - V20 =0 where v reduces to vp for

Flg. 7-3

points P on the z-axis. Now we know that because of the manner in which the rmg has been
Tocated that v is independent of ¢." We thus have as a solutlon to Laplace’s equation

B
v.oo= <A17' + >[A2P (® + Ban(Q]

where ¢ =cosg. Since.v must be bounded at ‘¢ =0 and =, ie. g: *1, we must choose
By = 0. Then :

v o= (Arﬂ+ W{I>Pn(g) - : (2)

There are two cases to be considered, corresponding to the regions 0 =7 < o and 7> @.

Casel: : 0=r<a.

In this: case we must choose B =0 in (2) since otherwise the solution is unbounded at”
r =0. Then v =Ar"P, (¢)." By superposmon we are led to consider: the solution

v = n§0 AnTnP n(&) ¢ 3 (3)

Now when 6 =0, ie. ¢=1, /jchis must reduce to the petential on the z-axis, in. which case’
"r=2. Then we must have : ‘ o )
‘ ’ ‘ 2rao

In order to obtain 4, we must expand the left side as a power series in. 2. We use ‘éhe
binomial theorem to obtaln

2rac ' 22 -z , ‘
= (145 ;

Va2 + 22,

S 1(2)\? | 1:8/z\*  1:8:5/2\° o
,, 2?’"[1 - 2<a> + 2-4<a> ~2-46\a) T ] B

Compari'son of (4) and (5)-leads to :

_ B . 2za Lo : - 2rg1+3
4y = 2776, Ay =0, 4y = -55, Ay =0, A4‘= ez
Using these in (3) we then find ’
— , 1/r\? 1.3/7\* D o
] ZWe[Po(ces 0)7“— —2-<;>,P2(cos 6) +~§-.—Z P Py(cos ) — :{ ‘ (6)

where 0 = r<aq.
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- Case2: r>a.

In this case we must choose A4 =0 in (2) since otherwise the solution becomes unbounded
as r > «. Then v = BP,(¢)/r**1 and by superposition we are led to consider the solution

)

B,
v o= 2 P @

As in Case 1, this must reduce to the potential on the z-axis for 6 =0 and r =2z, ie.

27ao § Bn

Va2 + 22 n=0 zn %1

Thus, to find B, we must expand the left side in inverse powers of 2. Again we use the bino-
mial theorem to obtain :

®

2rao _ 27M<1+ilf 12
Va2 + 22 2 2

_  2vas 1/a\?® | 1-3/a\* _1-8-5/a\® | .
- 7[1 _§<2> +2.4<;> 2-4-6<z> + ] ®

Comparison of (8) and (9) leads to

[1+8
By = 27a0, B; = 0, B, = —2n—aa<%a2>, B; =0, By = 2n—aa<2_4a4> ,

Using these in (?) we then find

2 . 4
v = 27:” [Po(coso) — —;—<$> Py(cos o) + %—%(—;l—'> Py(cos o) — ] (10)

where r > a.

ASSOCIATED LEGENDRE FUNCTIONS.
7.21. Show how Legendre’s associated differential equation (12), page 132, is obtained from

Laplace’s equation V2u =0 expressed in spherical coordinates (r,4, ¢).

In this case we must modify the results obtained in Problem 7.1 by including the ¢-dependence.
Then letting # = Red® in (I) of Problem 7.1 we obtain

od d dR Re d de Re d2¢
2z dr(r dr> + 72 sin 6 da(sm d0> + r2sin2¢ dg® 0 0

Multiplying by 72, dividing by R64 and rearranging, we find

+
14d/,dR\ _ 1 df. . de) _ 1 aw
R dr dr “osine do\" "% de @ sin2g dp?

Since one side depends only on 7, while the other depends only on ¢ and ¢, it follows that each side
must be a constant, say —A2. Then we have

1 d dR
—_ | 22— = —A2
R dr(r d'r> A @)
1 d de 1 d2¢
a9 2 __&* 2
and @ sing do <sm ¢ d0> + ® sin2¢ de¢? A @

The equatlon (2) is identical with (2) in Problem 7.1, so that we have as solution accordmg to
Problem 7.2

B,
R = Al/rn + n+1 (4)

where we use A2 = —n(n+1).
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If now we multiply equation (3) by sin2 ¢ and rearrange, it can be written as

1d% _ _sing d<

vdE - o s mo@> — n(n+1) sin?¢ .

de

Since one side depends only on ¢ while the other side depends only on ¢ each side must be a con-
stant, say —m2. Then we have

s1n01<31n0§(—)-> + [n(n+1) sin2e —m2lo = 0 (5)
de d
20 o _ s
ez + me = 0 (6)

If we now make the transformation ¢ = cosé in equation (5) we find as in Problem 7.3 that it can
be written as

a-pg[a-oR | + petne-@-mpe = o

Dividing by 1 —¢2 the equation becomes

m2
—_— 2N = =
1 g)dg2 2g + [n(n-{-l) gz]e 0 )
which is Legendre’s associated differential equation (12) on page 132 if we replace © by y and
¢ by x.
The general solution of (?) is shown in Problem 7.22 to be
8 = A PR() + BQy(®) €))
where ¢ = cosé and
m am
Py = (1—£2)"‘/2E£;Pn(£f 9
dam
Q) = (1-52)"‘/2&; Q,(9) (10)

We call P'(z) and Q'(¢) associated Legendre functions of the first and second kinds respectively.
The general solution of (6) is

® = Ajcosme + Bysinmg (11)

If the function u(r, 46, ¢) is to be periodic of period 2z in ¢, we must have m equal to an integer,
which we take as positive. For the case m = 0 the solution u(r, 6, ¢) is independent of ¢ and
reduces to that given in Problem 7.5.

7.22. (@) Show that if m is a positive integer and u, is any solution of Legendre’s differen-
tial equation, then d™u./dz™ is a solution of Legendre’s associated differential
equation.

(b) Obtain the general solution of Legendre’s associated equation.
(@) If Legendre’s differential equation has the solution u, then we must have
(1—2?u) — 20u, + n(n+1lu, = 0

By differentiating this equation m times and letting vJ' = d™u,/dx™ we obtain

- 2(m+1)aciv—zi + [n(n+1)i—-m(’m+1)]v}{l = 0

: d2ym
— 2
(1 —a?) dx? dx

In this equation we now let v?* = (1 —22)?y. Then it becomes
(I —a22y” — [2(m+ Da(l — 22) + 4px(l — 22))y’
A
+ {40m + 1)pa? + (4p2 —2p)a? — 2p + [n(m+1) —mm + 1)J(1— a2}y = 0
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If we now choose p = —m/2, this equation becomes after dividing by 1 — x2
m2
1 —x2)y” — 22y’ + [n(n+ 1) — ==Y = 0 . (1)

which is Legendre’s associafed differential equafion. Since v’ = (1 —x2)~m/2y, it follows that
y = (1—a2)ym/29™  or

dmu,
Y = (1__ x2)m/2 T (2)
is a solution of (I)..

Since the general solution of Legendre’s equation is ¢ P,(x) + ¢,Q,(x), we can show that the
general solution of Legendre’s associated differential equation is

¥y = Pl + Q@) (€))
where Pix) = (1—a2)m/2 Py QMx) = (1—ax2)m/2 a"Qy (
€ " - * dem ’ n %)= dgm 4)

Obtain the associated Legendre functions (a) Py(2), (b) P;(x), (¢) P, (@), (d) Q,().

()
(®)

()

@

2 2 2

1 - — ey & - oy d (321 = — 2)1/2
P, (x) (1—x2) e Py (x) (1—2x2) i 2 (1l — x2)
2 _ d2 ; _ d2 [bx3 — 8x\ -
Pi@) = (L—a22 5Pyx) = (1 ‘“%?(—2‘“) = 150 — 152
3
Pg(x) = (1 —x2)3/2%P2 (x) = O. Note that in general P, (x) =0 if m > n.
Using Problem 7.12(¢) we find
1 = e = _ oy d 322 —1 l+ao) _ @”l
B@ = (1)@ a-epeg (Bt (2] - 3

3x 1+ 3x2 — 2
—g2y1/2| 2%
a-=9 [2 1n<1—x> + 1—x2:|

7.24. Verify that Pg(w) is a solution of Legendre’s associated equation (12), page 132, for
m=2, n=23.

7.25.

By Problem 7.23, Pg(x) = 15x — 1523, Substituting this in the equation

(1—=2y"” — 2xy’ + | 3+4~— 4 y = 0
1— «2

we find after simplifying,

(1 —22)(—90x) — 2w(15— 45x2) + [12 -1 4 xZ][lfm ~1523) = 0

and so Pi(x) is a solution.

Verify the result (16), page 132, for the functions P:(x) and P;(x).

We have from Problem 7.23(a), Pé (x) = 8x(1 —x2)1/2,  Also,

Then

3 2
Piw) = (1—a2p32 %P3 (® = (1—a23/2 ‘%<5i_§ﬁc> = 152_” (1 — x2)3/2

1 1 3
f Pla)Plw)de = f 457”(1—x2)2 dc = 0
-1 -1
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7.26. Verify the result (17), page 132, for the function Pé(x).

Since P; (&) = 3x(1 — x2)1/2,

1 1 S S _ s _ 12
,f~1[P;(x)]2dx = 9f_1x2(1—x2)dx = 9[3—3 T
Now according to (17), page 1382, the required result should be
_2__@tnt _ 2.8 _ 12
2(2)+1 (2—1)! 5 1! 5

so that the verification is achieved.

7.27. Expand vo(1—2?) in a series of the form Y A.Pi(z) where vo is a constant and
m=2. ' k=0

We must find 4, ¥=0,1,2,...., so that

v(l—22) = AoPi(x) + APi(z) + ApPj(z) + --- (1)
Method 1.
. 2 2 dZ
Since Pi(x) = (Q—« )Ex—z'Pk(x)
we have

Piw) = 0, P2z) =0, Pla) = (1—x2)a‘%<3—9”2-2ll> = 3(1—2?),

2 d2 (523 — 3x\ _
Pi(x) = (l—xz)m<—2———-> = 15x(1 — x2),

Then (1) becomes
vo(l —a2) = 8A,(1—=22) + 15452(1 —22) + -

By comparing coefficients on each side we see that this can be satisfied if 84, = vy, 154; =0 and
A =0 for k> 38. Thus we have

vl—at) = 2Py @

so that the required expansion consists of only one term.

Method 2.
If flx) = EOAkP,’c"(x), then on multiplying by P, (x) and integrating from —1 to 1 we obtain
K=

1 o 1
f flx) Pi(x) de = > A, f Py (x) Pit(x) dx
-1 k=0 -1

Using (16) and (17), page 132, we see that the right side reduces to the single term

2 (n+m)!A
2n+1 m—m)! "

(2n + 1)(n —m)!

1
so that A, S+ )] fﬂf(x) P (x) dx

If f(x) = vo(l —22) and m = 2, then

_ (2n+1)(n—2)!f1 oo p2
A, = oMt _ Vo(1 — x2) P;; (x) dao.
Using this we can show that Az = v¢/8, Ay =0, A; =0, ... and so we obtain the result (2) as in

Method 1.
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7.28. Show that a solution to Laplace’s equation y?v = 0 in spherical coordinates is given
by

v o= <Alr" + {i 1> [A2Pr'(cos ) + B2Qn'(cos 0)][As cos m¢ + Bs sin me)]

This follows at once from Problems 7.21 and 7.22 since u = Rod where

R = Al’r + — n+1
0 = A,P;(cos6) + ByQy (cos )
® = Agzcosmg + Bj sinmg

7.29. Suppose that the surface of the sphere of Problem 7.18 is kept at potential
vo 8in% 6 cos 2¢. Determine the potential (a) inside and (b) outside the surface.

(2) Interior Potential, 0 = r < 1.

Since v is bounded at » =0 we must choose B; =0 in the solution as given in Problem
7.28. Also since v is bounded at ¢ =0 and =, we must choose B, =0. Then a bounded
solution is given by

v(r,0,¢) = 1P, (cos 8)(A cos mg + B sin mg)

Since m and n can be any non-negative integers we can replace A by A,;l,,, B by B,,, and then,
using the superposition principle, sum over m and n to obtain the solution

vr,0,¢) = S 3 rP(cos)(A,, cosmg + B, sinmg) 1)

m=0 n=0

Now the boundary potential is given by
v(1,6,¢) = w,sin24 cos2¢ (2)
By comparison of (2) with

0 0
v(1,6,¢) = 3 E P}l(cos 8)(A,,, cosmg + B, sin mg) 3)

meo neo

obtained from (1) with » =1 it is seen that we must have B,,, =0 for all m and A4,,=0
for m # 2. Hence, (3) becomes

v(1,8,¢) = 3 Ay, P2(cos8) cos 2
n=0
Comparison with (2) then shows that we must have

o0
vy sin2e = 3 A,,P2(cose)
n=0
or using cosg = ¢

wld=g) = 3 AP

= APl + Ay Pl(p) + AnPi) + - “

We have already obtained this expansion in Problem 7.27, from which we see that A,, = vy/3,
while all other coefficients are zero. It thus follows from () that .

v
v(r,0,¢) = —321"2P§ (cos 6) cos2¢ = wvyr2 sin2 ¢ cos 2¢ 5)

(b) Exterior Potential, » > 1.

Since v must be bounded as 7 - © in this case and is also bounded at ¢ = 0 and =, we
choose A; =0, B, = 0 in the solution of Problem 7.28. Thus a solution is

P (cos )

por] (4 cos mg + B sinmg)

v(r, 8, ¢)
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or by superposition
. = 2 Prcos6)
v(r,6,¢) = E_ g 7-11+1 (A,n coOsmg + B, sin mg) 6)

Using the fact that v(1,6,¢) = vy sin?6 cos 2¢ we again find m = 2, B,, =0 which leads to
equation (4) of part (a). As before we then find A,y = v¢/3, while all other coefficients are
zero, leading to the required solution

v(r, 6, ¢)

29 P(cos 8) cos 2
3,3 5 (cos 6) cos 2¢

_ Y., 9
= —gsinZ6 cos2¢ )

It is easy to check that the above are the required solutions by direct substitution.

7.30. Solve Problem 7.18 if the surface potential is f(4, ¢).

As in Problem 7.29 we are led to the following solutions inside and outside the sphere:

Inside the sphere, 0 = r <1

o(r,8,¢) = 20 Eo 7Py (cos 6)(A,,, cos me + B,,, sin ma) (1)
m=0 n=
Outside the sphere, » > 1
© * Pp(cos ) .
’U(?", 8, ¢) = EO 20 W (Amn cos me + an sin m¢) (2)
m=0 n=

For the case r =1 Dboth of these lead to
f6,9) = I I Pp(cos6)(A,y, cosme + B, sinmgp)
m=0 n=0
This is equivalent to the expansion
0 00
m .
Fit,¢) = 20 20 Pr(e)(Apy, cos mg + By, sin mg) )
m=0 n=

where ¢ = cos 6. Let us write this as

F(t,¢) = ngo C, Py (2) (4)

0

where C, = I (Ap,cosmep + B, sinmg) )

m=90
As in Method 2 of Problem 7.27 we find from (4)

6, = Srlmomi (" b ) pre o ®

We also see from (5) that 4,,, and B,,, are simply the Fourier coefficients obtained by expansion
of C, (which is a function of ¢) in a Fourier series. Using the methods of Fourier series it follows
that

1 2

Ay, - o O‘ C,d¢
1 2

Ay, = = C,, cosme dgp m=1,23,...
T Jo
1 27 .

B,, = -—J; C, sinme d¢ m=1,2,3,...
T

Combining these results we see that

it D m! o
Ay = Cniloem! f F(&, ) PI(e) ds dp
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while for m =1,2,3, ...

—m) Y

4, = %’Lm),ﬁ)'f_l L F&9) P cosmo di dg
—m)! ! 2 My e

Bpy = %m),—m) f L J, &) Pre) sinmg dg dg

Using these results in (Z) and (2) we obtain the required solutions.

Supplementary Problems

LEGENDRE POLYNOMIALS
731. Use Rodrigue’s formula (4), page 130, to verify the formulas for P,(x), P(z), ..., P5(x), on page 130.

7.32. Obtain the formulas for P,(x) and P;(x) using a recurrence formula.

1 1 1
7.33. Evaluate (a) J; 2Py (x) dx, (b) f ) [Py(x)]2dz, (c) f_le(x) P,(z) dex.
734. Show that (o) P,(1) = 1 (€) Pyu_1(0) = 0

(b) P, (-1) = (=) (d) Py, (0) = (— 1)"
for n=1,2,3,....

(2n —1)
- +(2n)

7.35.  Use the generating function to prove that P, ,(x) — P,_,(x) = (2n+1) P,(x).

7.36. Provethat (a) P,i,(%) — «Pn(x) = (n+1)P,(x), (b) «P.(x) — P._,(x) = nP,(x).

' 7.371. - Showthat 3 P,(cosg) = lcsc:‘—.
neo 2 2

738. Show that (@) Py(coss) = %(1 + 3 cos26), (b) Pg(cosg) = %(3 cos 6 + 5 cos 3¢).

739. Showthat P;(@) = - (42007 — 69345 + 31543 — 352).
16

740. Show from the generating function that (a) P,(1) =1, (b) P,(—1) = (—1)».

®  xkP,_,(x
741, Showthat 3 rk-i® 1, /142 , —1<z<l.
k=1 k 2 1—2

LEGENDRE FUNCTIONS OF THE SECOND KIND °
742.  Prove that the series (6) and (?) on page 131 whlch are nonterminating are convergent for -1 <2z<1
but divergent for » = =1. .

743. Find Qg(x).

744. Write the general solution of (1 — 22)y” — 2zy’ + 2y = 0.
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SERIES OF LEGENDRE POLYNOMIALS - ‘
745. Expand ¢ —3x2+ « in a series of the form kgo APy (x).

7.46.

747,

20 +1 0<x=1 L

Expand f(x) = 0 =<0 in a series of the form kgo APy (x), writing the first four

nonzero terms.
0

If fx) = 3 ApP.(x), obtain Parseval’s identity
k=0

1 0 ‘4)2c
[ vepa = 3 gt

k=0

and illustrate by using the function of Problem 7.45.

SOLUTIONS USING LEGENDRE FUNCTIONS

748.

749.

7.50.

7.51.

752

753.

7.54.

755.

Find the potential v (a) interior and (b) exterior to a hollow sphere of unit radius with center at
the origin if the surface is charged to potential v4(1 + 3 cos 8) where v, is constant.

Solve Problem 7.48 if the surface potential is v, sin2e.

Find the steady-state temperature within the region bounded by two concentric spheres of radii
a and 2a if the temperatures of the outer and inner spheres are u, and 0 respectively.

Find the gravitational potential at any point outside a solid uniform sphere of radius a of mass m.
Is there a solution to Problem 7.51, if the point is inside the sphere? Explain.
Interpret Problem 7.48 as a temperature problem.

Show that the potential due to a uniform spherical shell of inner radius ¢ and outer radius b is
given by

270(b2 — a2) r<a
v = 270(3b2r — 2a3 —18)/8r a<r<b
47o(b2 — a2)/3r r>b

A solid uniform circular disc of radius @ and mass M is located in the xy-plane with center at the
origin. Show that the gravitational potential at any point of the plane is given by

_ 2M r 1/7r\? 1 /r\*
v = 7[1 - aP1 (cos 8) + 5(&) Py(cosg) — 2—.—4<; P, (cos 6)

13 /r\8
+ m(z) Po(cos ) = - I
if r<a and

M 1/a)\2 , 1+3/a\* 1-35/a\¢
v o= 7[1 _Z<;> Py(cos ) + 4-6<7> Py(cos 8) — 1678 ;) Pg(cos ) + ]
if r> a. ' :

ASSOCIATED LEGENDRE FUNCTIONS

7.56.

757,

Find (a) Pi(x), (b) Pi(z), (c) P3(w).

Find (a) Q(x), (b) Qi (x).
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7.58.

7.59.

7.60.

7.61.

7.62.

7.63.

LEGENDRE FUNCTIONS AND APPLICATIONS [CHAP. 7

Verify that the expressions for P;(w) and Q;(w) are solutions of the corresponding differential
equation and thus write the general solution.

Verify formulas (16) and (17), page 132, for the case where (e) m =1, »n=1, 1 =2, (b)) m =1,
n=1, I=1.

Obtain a generating function for P, ().

Use the generating function to obtain results (16) and (17) on page 132.

0

Show how to expand f(x) in a series of the form ¥ APy (x) and illustrate by using the cases
k=0

(@) flx) =22, m=2 and (b) f(x) =ax(1—=x), m =1. Verify the corresponding Parseval’s iden-
tity in each case.

Work Problem 7.18 if the potential on the surface is v, sin3 ¢ cos ¢ cos 3¢.

MISCELLANEOUS PROBLEMS

7.64.

7.65.

7.66.

7.67.

7.68.

7.69.

1 “ﬁ” (=1)%(2n — 2Kk)!
2n 2 Bl — k)T (n— 2K)1
where [n/2] is the largest integer = n/2.

n—2m

Show that P,(x) =

Show that

w
P,(x) = %jo‘ (x + Va2 —1 cosu)* du

Use the result to find P, (x) and Pj(x).

Show that L 0 m#*n
’ ’ —_
f a-aP@R@da = 4,00
2n+1
Show that fl P I p —2/nn+1) n+#0
P@I@A=ade = 001 m=o

1
() Show that f xmP, (®)de = 0 if m <n orif m—mn is an odd positive integer.
—1 :

(b) Show that
(n+2p)!T(p+ %)
22p)!T(p+n+§)

1
Ll ant2P P (x) dx =

for any non-negative integers » and P-

Show that a solution of the wave equation

1 62V
2 - 22V
v c? ot2

depending on 7,6, and ¢, but not .on ¢, is given by

V. = [AuJnsapler/e) + BiJ_y_y5(er/e)|[AyPy,(cos 8) + ByQ, (cos 6)][Ag cos ot + B sin wt]
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7.70.

.91,

S92

7.73.

Work Problem 7.69 if there is also ¢-dependence.

A heat-conducting region is bounded by two concentric spheres of radii ¢ and b (¢ <b) which
have their surfaces maintained at constant temperatures u; and u, respectively. Find the steady-

state temperature at any point of the region.
Interpret Problem 7.18 as a temperature problem.

Obtain a solution similar to that given in Problem 7.69 for the heat conduction equation
ou

j— 2.
_6 : = kV2u

where u depends on 7,6, and ¢ but not on ¢.



Chapter 8

Hermite, Laguerre
and Other Orthogonal Polynomials

HERMITE’S DIFFERENTIAL EQUATION. HERMITE POLYNOMIALS

An important equation which arises in problems of physics is called Hermite’s differen-
tial equation; it is given by
¥ —2xy +2ny = 0 (1)
where #n=0,1,2,3,....
The equation (1) has polynomial solutions called Hermite polynomials given by Rodrigue’s
Formula i
Hux) = (-1)e 7=(e™™) (2)

The first few Hermite polynomials are
Hyx) = 1, Hix) = 2z, Hi(x) = 42— 2, Hs(x) = 8a°— 12% (3)

Note that H.(x) is a polynomial of degree n.

GENERATING FUNCTION FOR HERMITE POLYNOMIALS
The generating function for Hermite polynomials is given by

' - = Ha(x)
et = 2 Tar

n=0

t (4)

This result is useful in obtaining many properties of Ha(x).

RECURRENCE FORMULAS FOR HERMITE POLYNOMIALS

We can show (see Problems 8.2 and 8.20) that the Hermite polynomials satisfy the re-
currence formulas
Huvi(x) = 20H(x) — 2nHn— () %)

Hy(z) = 2nHn-1() - (6)
Starting with He(x) =1, Hi(x) = 2%, we can use (5) to obtain higher-degree Hermite poly-

nomials.

ORTHOGONALITY OF HERMITE POLYNOMIALS
We can show (see Problem 8.4) that

f_w e “Hu(x) Hi(x)dz = 0 m“n (7)

154
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so that the Hermite polynomials are mutually orthogonal with respect to the weight or
density function e~*.

In the case where m = n we can show (see Problem 8.4) that the left side of (?) becomes
[ erm@a = zwivz 8)

From this we can normalize the Hermite polynomials so as to obtain an orthonormal set.

SERIES OF HERMITE POLYNOMIALS

Using the orthogonality of the Hermite polynomials it is possible to expand a function
in a series having the form

f(x) = AoHo(x) + AlHl(x) + Asz(x) + - .- (9)

1
2"n! =

where A,

See Problem 8.6.

{7 o=t Buw) dx (10)

In general such series expansions are possible when f(x) and f/(xz) are piecewise con-
tinuous.

- LAGUERRE’S DIFFERENTIAL EQUATION. LAGUERRE POLYNOMIALS

Another differential equation of importance in physiecs is Laguerre’s differential equation
given by
2y’ +(1—2)y +ny = 0 (11)
where #=0,1,2,8,.... :
This equation has polynomial solutions called Laguerre polynomials given by

dar

which is also referred to as Rodrigue’s formula for the Laguerre polynomials.

an(x) = e ——(x"e™?) . (12)

The first few Laguerre polynomials are
Lox) = 1, Li(x) = 1—2, Lyx) = 2* —4x+2, Lsx) = 6 —182z + 92> —2® (13)

Note that La() is a polynomial of degree n.

SOME IMPORTANT PROPERTIES OF LAGUERRE POLYNOMIALS
In the following we list some properties of the Laguerre polynomials.

1. Generating function.

et/ 1—t) _ k) Ln(x) .
Tt T 2 al t (14)
2. Recurrence formulas.
Ln+y(z) = (2n + 1 —2)La(2) — n*La—1(%) (25)
L&) — nLyp-1(2) + nLn—y(z) = 0 (16)

2Ly(®) = nLn(@) — #2Ln-1(x) 17)
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3. Orthogonality.
0 if m+*n

(nl)> if m=n

j;we"‘Lm(x)Ln(x) de = {

4. Series expansions.
If flx) = AoLo(x) + AiLi(x) + AsLa(x) + ---

then A, = (—nl!—)zfowe“xf(x) La(x) dz

[CHAP. 8

(18)

(19)

(20)

MISCELLANEOUS ORTHOGONAL POLYNOMIALS AND THEIR PROPERTIES

There are many other examples of orthogonal polynomials. Some of the more important

ones, together with their properties, are given in the following list.

1. Associated Laguerre polynomials Lx ().
These are polynomials defined by
dm

L) = g Ln(®)

and satisfying the equation
2y’ + m+1—2)yy + m—m)y = 0
If m>mn then Ln(z)=

We have "
f ame~*Ln(x) Ly (x)de = O PFEN
0
© 3
f xme~z{L':(x)}2 dx = _(Z"_'L_
0

- (n—m)!

2. Chebyshev polynomials T'.(x).
These are polynomials defined by

(21)

(22)

(29)

(24)

To(x) = cos(ncos™'z) = am — (;")x"“2(1—x2) + (’Z)xn—‘iu_;};z)z =

and satisfying the differential equation

(I—2%y” —zy’ +n*y = 0
where n=0,1,2,....

A recurrence formula for T.(z) is given by
Tn+1(x) = 2xTn(x) - Tﬂ,—l(x)

and the generating function is

11—tz —
—— = To(2)tr
T 2 Tn(a)
We also have
Tm(x) Tn(z
B = :c2 de = 0 m*n

fl{Tn(x)P b [ m=0
Vicg T w2 n=12,...

(25)

(26)

(27)

(28)

(29)

(30)
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Solved Problems
HERMITE POLYNOMIALS
8.1. Use the generating function for the Hermite polynomials to find (a) Ho(x), (b) Hi(x),
(¢) Ha(z), (d) Hs(x).
We have .
© n tn
ea=t = 3 ,(3) = Hy) + Hy@t + —— (m) + Hg(,x) 84 -
n=0 : :
Now et =

1+ (te—2) + (2tw2—! 22 (2tx3—! 23

3 _
= 1+ @)t + @218 + <%>t3 o
Comparing the two series, we have

Hyx) = 1, Hy(x) = 2x, Hy(x) = 422 —2, Hy(x) = 8x% — 122

8.2. Provethat Hu(x) = 2nH.-(x).

> H,(x)
Differentiating et = o :L, tr with respect to z,

n=0
2pe2tr—t>  — 2 (x) in
% 2Hy(x) z H,’,(x>
n+1 —
or n§0 n! ¢ "go n! e
Equating coefficients of ¢ on both sides,
2H,, () H,(x) ,
w=DT = i or  Hy@) = 2nH, ()
dn
83. Provethat H.(x) = (—1)"exzd—w(e"2)
We have eth_,tz — 612—(15—1)2 § Hn(x)tn
n=0 n!
an _
Then . E‘:’T( 2tz tz) = H,(x)
t=0 :
an 2 an
But - 2tx t — 2 9" r—(t—x)?
s 3t ) t=0 e o le ] t=0
— 20" —(t—x)? - dr
=l G |
84. Prove that f e~ "Hu(2) Ha(x) do = 0 ms»én.
— 2"n!'Vr m=n
We have e2tr—t8 § M 257~ 52 § Hp(x)s™
n=0 n! m=0 m!
Multiplying these,
eztx-t2+2sz—32 i § Hm(x)Hn(x)smtn

o min!
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Multiplying by e¢—*? and integrating from —« to «,

) 0 smin

m=0 n=0 m!n!

w0 0
f e—[z+s+)?—2st] g0 = e~ 2*H, (x) H,(x) dx
—0 —®

Now the left side is equal to

] N £ o0 2m8mtm
e28t f e—(.‘t+s+t) dx = e2st f e-uz du = ezst \/; = V T 2 ————
—

—w m=0 m!

By equating coefficients the required result follows.
The result
f e 2H (x)H, (x)dx = 0 mF*En

can also be proved by using a method similar to that of Problem 7.13, page 138 (see Problem 8.24).

8.5. Show that the Hermite polynomials satisfy the differential equation
Yy’ —2xy’ +2ny = 0
From (5) and (6), page 154, we have on eliminating H,_,(x):
H, i (@) = 20H,(x) — Hy(x) @)
Differentiating both sides we have
Hu,\(x) = 2xH,(x) + 2H,(x) — H, (2) @)
But from (6), page 154, \;ve have on replacing n by n +1:
H7:+1(x) = 2(m+1) H,(x) 3
Using (8) in (2) we then find on simplifying:
H](x) — 2xH,(x) + 2nH, (x) = 0
which is the required result.

We can also proceed as in Problem 8.25.

86. (a) If f(x) = kgoAka(x) show that A, = #\/—;‘[w e *f(x) He(x) de.
(b) Expand «® in a series of Hermite polynomials. L'

(@) If f(x) = k§0 A H,(x) then on multiplying both sides by ¢~+*H,(x) and integrating term

by term from —« to = (assuming this to be possible) we arrive at

f_we“rzf(x) H (x)de = k§0 A f we—szk(x) H,(x) dx ()

But from Problem 8.4

[ erme @ e = ok
_we k) Hal®) 68 = 2wm!Vr k=mn

Thus (Z) becomes ®
f e~ 2fx)H,(x) de = A, 2m!V7

1 3
or A, = mﬁwe‘xzﬂx)Hﬂ(x)dx @)

which yields the required result on replacing n by k
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(b) We must find coefficients 4, k¥ =1,2,3,..., such that.
a8 = 3 AH) 8)
K=0
Method 1.
The expansion (8) can be written
%3 = AoHo(x) <+ AIHI(W) <+ Asz(x) 4- AaHa({C) 4 e (4)
or 3 = Ay1) + A;(2x) + Ay(4a2 —2) + A3(8a% —12x) + - -~ )

Since Hk(x) is a polynomial of degree k we see that we must have A, =0, 45=0, Ag=0, ...;
otherwise the left side of (5) is a polynomial of degree 3 while the right side would be a poly-
nomial of degree greater than 3. Thus we have from (5)

x3 = (A,—24,) + (24, — 12432 + 44,22 + 8Ajx3
Then equating coefficients of like powers of # on both sides we find
8BA; = 1, 44, = 0, 24,— 124, = 0, A,—24, = 0
from which

A0=0, Alz’i—y A2:0: A3:%

Thus (2) becomes

which is the required expansion.

Check. 3 1 3 1
° . ZHAx) = 2 2 (823 — = 3
4H1(x) + 8H3(J(J) 4(290) + 8(800 12%) x

Method 2.
The coefficients A, in (1) are given by

1 foo B
A = — e~ 22x3H, (x) dx
k st v=J . k(%)

as obtained in part (a) with f(x) = «3.

Putting £ =0,1,2,8,4,... and integrating we then find
_ _ 3 _ _ 1 _ -
AO - 01 Al - Z’ A2 - 0: A3 - —g: A4 - 01 AS - 0’

and we are led to the same result as in Method 1.

In general, for expansion of polynomials the first of the above methods will be easier and
faster.

8.7. (a) Write Parseval’s identity corresponding to the series expansion f(z) = > AxHx().
(b) Verify the result of part (a) for the case where f(x)= 23. =

(a) We can obtain Parseval’s identity formally by first squaring both sides of fley = 3 A H ()
to obtain : k=0

o

{f@)y = 3 3 Apd,Hy) Hyz)
k=0 p=0
Then multiplying by e—*? and integrating from —« to » we find

f_m e~ {f(x)}2dx = k§0 pgo AkAp j‘_me_ﬂHk(-”C) Hp(x) dx
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Making use of the results of Problem 8.4 this can be written as

£

f_w e—{f(x)}2dx = v;éo 2kic! A

which is Parseval’s identity for the Hermite polynomials.

(b) From Problem 8.6 it follows that if f(») = 2% then A, =0, A, =%, A, = 0, A3 = 3 A4,=0,

As=0, .... Thus Parseval’s identity becomes

f Cemmatzde = Vi [2AD@)? + 28GDE)

©

Now the right side reduces to 15y#/8. The left side is

el 00 -]
f xbe— 22 dy = 2 f xe—2tdx = f u5/2¢—u duy,
—a 0 0

= 1 = @BPVr

15
— S V¥T

8

where we have made the transformation « = Vu. Thus Parseval’s identity is verified.

LAGUERRE POLYNOMIALS

8.8.

8.9.

Determine the Laguerre polynoniials (a) Lo(x), (b) Li(x), (¢) Lz(z), (d) Ls().
We have L,(x) = ez%(x"e"). Then
(@) Lox) = 1

exi(xe—x) = 1-2x

®) L =

2
(¢) Le(x) = ezdixz(mze'x) = 2 — dx + «2

a3
(d) Lgx) = exm(ﬁe_ﬂ”) = 6 — 182z + 922 — «3

Prove that the Laguerre polynomials La.(x) are orthogonal in (0, ») with respect to
the weight function e—=.

From Laguerre’s differential equation we have for any two Laguerre polynomials L, (x) and

L
n(x)’ ” ,
zL) + (1—x)L,, + mL, = 0

zL, + 1—x)L, + =L, = 0
Multiplying these equations by L, and L, respectively and subtracting, we find
(Lol — Lyl ] + (1= @)[LyLp — LpLy] = (0 = m)LyLy

A
dx

1—x (n N m)Lan

X

or [LyLy, — Ly,Ly] + [LyLy, — LpLy] =

Multiplying by the integrating factor
. fa-z/zdx Inz —
e e T = ge—2
this can be written as . -

d
s {we=<[L,Ly, — LyL,]} = (n—m)e=:L,L,
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8.10.

8.11.

so that by integrating from 0 to «,

o0

=m) [ oL@ o) ds = wo oLalp ~Lalil| = 0
0

Thus if m #* n, )
f e 2L, (x) Ly(x)de = 0
0

which proves the required result.

Prove that Ln+1(x) = (2n+1—a) Ln() — 02 Ln—1(%).
The generating function for the Laguerre polynomials is
o—t/(1—1) 2 L)

1—t ,Eo n!

n ' @)

Differentiating both sides with respect to ¢ yields

e—zt/(1—1) xe—zt/ (1—1) o nL,,(x)t

— = -1
a—t¢ o 2, " ®

Multiplying both sides by (1 — £)2 and using (I) on the left side we find

i x ® L. (x d nL,(x

3 - 2L HOP PR

n=0 n=0 n: n=0
which can be written as

ol (w) S L (x) 2 L (x)

2 n' _ 2 n : 2 n

n=0 n=0 N! Py .

© pL (x) o (x) 2 (ac)
= 33— E v 2 -
n=0 n=0 n=0
If we now equate coefficients of " on both sides of this equation we find
L, (x) _ L,_(x) _ #L,(x) (n+ DL, 44() 2nL,(x) (n— 1)L, _4(x)

n! (n—1)1 n! m+D! T T al (m—1)!
Multiplying by n! and simplifying we then obtain, as required,
Ln%_— @) = (@n+1—x)L,(x) — n2L, ()

Expand 23 + 2% — 82 + 2 in a series of Laguerre polynomials, i.e. > AxLk(x)
k=0

We shall use a method similar to Method 1 of Problem 8.6(b). Since we must expand a poly-
nomial of degree 3 we need only take terms up to Lg(x). Thus

x3 + 22 — 3 + 2 = AgLy(x) + AlLl(xi + A,Ly(x) + AsLs(x)
Using the results of Problem 8.8 this can be written
B+ a2 —304+2 = (Ag+A,+24,+64,) — (A, + 44, + 184w + (A, + 9A,)22 — A3
Then, equating like powers of x on both sides we have
Ag+ A +24,+64; = 2, A +44,+184; = 3, A, +94, = 1, —A; = 1

Solving these we find
Ao = 7, A.‘_ = _19, A2 = 10, A3 = -1

Then the required expansion is
@3+ 22 —3x + 2 = TLy(x) — 19L,(x) + 10Ly(x) — Ly(x)

We can also work the problem by using (19) and (20), page 156.
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MISCELLANEOﬁS ORTHOGONAL POLYNOMIALS
8.12. Obtain the associated Laguerre polynomials (a) La(z), (b) Lyx), (¢) La(z), (d) Li().

(@) L;(x) = ;’%Lﬂx) = %(2—4:1:-}-902) = 2% — 4

a2 d2 _
®) Lix) = Gale® = gE@—dz+a?) = 2
d2 d2
(@ L) = 55Ls@ = 76— 180+922—u%) = 18 — 6
4 dt m,
(d) Lz = d—x4L3(m) = 0. In general L, (x) =0 if m > n.

8.13. Verify the result (24), page 156, for m =1, n=2..

We must show that © (213
f zex{Ly@)?de = = = 8
o !

Now since L;(x) = 2x —4 by Problem 8.12(a) we have

f xe~*(2x —4)2dx = 4f x3e—Tdx — 16f x2e—*dx + 16f xe— % dx
0 0 0 0

= 41(4) — 16T(3) + 16T(2)
= 4(3!) — 16(2!)) + 16(1})
8

so that the result is verified.

8.14. Verify the result (23), page 156, with m =2, n =2, p =3.
We must show that @
. f x2e‘xL§(ac) Lg(x) de = 0
0
Since Ly(x) =2, L(x)=18—6z by Problem 8.12(a) and (b) respectively the integral is
f x2e—*(2)(18 — 6x)dx = 36_[(: x2e~*dx — 12}; x3e—*dx
0

= 36I(38) — 12T(4)

= 362! — 123! = 0
as required.

8.15. Verify that Lg(x) satisfies the differential equation (22), page 156, in the special case
m=2, n=23.
From Problem 8.12(¢) we have Lg(ac) = 18— 6x. The differential equation (22), page 156, with
m=2 n=23 is
a2y’ + B—x)y' +y = 0
Substituting y = 18 — 6x in this equation we have
2(0) + (3—x)(—6) + 18— 6 = 0

which is an identity. Thus L%(x) satisfies the differential equation.
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8.16. Show that the Chebyshev polynomial T.(x) is given by

Ta(®) = a" — (g)x"‘z(l—xz) + (Z)&c"-'*q — 222 — (’;):cn-sa—xz)s + .-

We have by definition
T,(x) = cos(ncos—1x)

Let w=cos~12 so that x = cosu. Then T,(x) = cosnu. Now by De Moivre’s theorem

(cosu + i sinu)® = cosnu + ©sinnu

Thus cos nu is the real part of (cosu + isin%)n. But this expansion is, by the binomial theorem,
n . . n . . n . -
(cosu)r + <1> (cosw)r~ (i sinu) + <2> (cos u)»—2(1 sinu)2 + <3> (cosu)yn—3(i sinu)® + ---
and the real part of this is given by
n n
cos"u — 2 cost~2y gin2u + 4 cos® 4y sintu — -

Then since cosu = & and sin2u = 1 — x2, this becomes
n n
xn — <2>xn—2(1 — x2) + <4>xn—4(1 —_ x2)2 — e

817. Find (a) To(x) and (b) Ts(x).

Using Problem 8.16 we find for n = 2 and n = 8 respectively:

2 2 0(1 — o2
w? =, 201 — x2)
x3 — (Z)x%l——aﬂ)

Since Ty(x) =cos0 =1, T;(x) =cos(cos"1x) =« we have from the recurrence formula (27),
page 156, on putting » =1 and n = 2 respectively,

To(x) = 2T (x) — Ty(x) = 222 — 1
Tg(x) = 2xTy(x) — Ty(x) = 22(222—1) — x = 423 — 3

22 — (1—22) = 222 — 1

I

(@) Ta(x)

23 — 82(1—22) = 423 — 3z

It
Il

(0 Ty

Another method.

8.18. Verify that T.(x)= cos(n cos~!z) satisfies the differential equation
Q-2 —zy +ny = 0
for the case n=3.
From Problem 8.17(b), T3(x) = 423 —3x and the differential equation for n = 3 is
A—22)y" —axy +9y = O
Then if y = 448 — 3x the left side becomes
(1— 22)(24x) — (1222 —8) + 9(428 —3x) = 0

so that the differential equation reduces to an identity.
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N

Supplementary Problems

HERMITE POLYNOMIALS
8.19. Use Rodrigue’s formula (2), page 154, to obtain the Hermite polynomials Hy(x), Hy(x), Ha(x), Hs(x).

8.20. Use the generating function to obtain the recurrence formula (5) on page 154, and obtain
Hy(x), Ha(x) given that Hy(x) =1, H(x) = 2z.

821. Show directly that (a) f e~=*Hy(x)Hgy(2) de = 0, (b) f e~2 [Hy(x)]2 dw = 8V7.

8.22. Evaluate f x2e~2*H, (x) dx.

- !
823. Show that Hzn(0)=(_1);(v—2n)'.

8.24. Prove the result (7), page 154, by using a method similar to that in Problem 7.13, pages 138 and 139.

8.25. Work Problem 8.5, page 158, by using (a) Rodrigue’s formula, (b) the method of Frobenius.

8.26. (a) Expand f(x) = 23 — 322+ 2x in a series of the form X A H.(x). (b) Verify Parseval’s identity
for the function in part (a). k=0

8.27. Find the general solution of Hermite’s differential equation for the cases (@) n =0 and (b) n=1.
LAGUERRE POLYNOMIALS

8.28. Find Ly(x) and show that it satisfies Laguerre’s equation (11), page 155, for n = 4.

8.29. Use the generating function to obtain the recurrence formula (16) on page 155.

830. TUse formula (15) to determine Ly(x), Lg(x) and Ly(x) if we define L,(x) =0 when n=-—1 and
L,(x)=1 when n=20.

8.31. Show that =L, () = nL,_i(x) — L.(z).
8.32. Prove that f e *{L,(x)}2dx = (n!)2
0

8.33. Prove the results (79) and (20), page 156.
8.34. Expand f(x) = 23— 3224 2¢x in a series of the form kgo ALy ().
8.35. Illustrate Parseval’s identity for Problem 8.34,.

8.36. Find the general solution of Laguerre’s differential equation for n = 0.

8.37. Obtain Laguerre’s differential equation (11), page 155, from the generating function (14), page 155.

MISCELLANEOUS ORTHOGONAL POLYNOMIALS
838. Find (o) Lix), (&) Li).

8.39. Verify the results (23) and (24), page 156, for m =2, n = 8.

840. Verify that Li(x) satisfies the differential equation (22), page 156, in the special case m = 2, n =4,
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8.41.

8.42.

8.43.

8.44.

8.45.

8.46.

8.47.

8.48.

Evaluate ‘f x2e—1Lf(x) dex.
0

Show that a generating function for the associated Laguerre polynomials is given by

—fyme—at/i—ty = Ly (x)
Cores (ijt)m+1 = ; k

Solve Chebyshev’s differential equation (26), page 156, for the case where n = 0.
Find (a) T4(x) and (b)) Ts(x).

Expand f(x) = 23+ a2—4x+ 2 in a series of Chebyshev polynomials kgo AT, (x).

(¢) Write Parseval’s identity corresponding to the expansion of f(x) in a series of Chebyshev poly-
nomials and (b) verify the identity by using the function of Problem 8.45.

Prove the recurrence formula (27), page 156.

Prove the results (29) and (30) on page 156.

MISCELLANEOUS PROBLEMS

8.49.

8.50.

8.51.

8.52.

8.53.

8.54.

8.55.

8.56.

8.57.

(a) Find the general solution of Hermite’s differential equation. (b) Write the general solution for
the cases where n =1 and n=2. [Hint: Let y = vH,(x) and determine v so that Hermite’s
equation is satisfied.]

In quantum mechanics the Schroedinger equation for a harmonic oscillator is given by

dZy 8r2m _
By B Em gy = 0

where E, m, h, x are constants. Show that solutions of this equation are given by

"y = C.H,(x/a)e14a
where »=0,1,2,8,... and

- AR _ i‘/ﬁ
@ = A\l 16z2%m E = m+dg\m

The differential equation is a Sturm-Liouville differential equation whose eigenvalues and eigenfunc-
tions are given by E and y respectively.

(¢) Find the general solution of Laguerre’s differential equation. (b) Write the general solution
for the cases n =1 and »=2. [Hint: Let y = vL,(x). See also Problem 8.49.]

Prove the results (18) on page 156 by using the generating function.

(a) Show that Laguerre’s associated differential equation (22), page 156, is obtained by differenti-
ating Laguerre’s equation (1I) m times with respect to «, and thus (b) show that a solution is
dmL,/dxm.

Prove the results (28) and (24) on page 156.

(a) Find the general solution of Chebyshev’s differential equation. (b) Write the general solution for
the cases n =1 and n=2. [Hint: Let y = vT,(x))]

Discuss the theory of (a) Hermite polynomials, (b) Laguerre polynomials, (c) associated Laguerre
polynomials, and (d) Chebyshev polynomials from the viewpoint of Sturm-Liouville theory.

Discuss the relationship between the expansion of a function in Fourier series and in Chebyshev
polynomials.






Appendix 4

Uniqueness of Solutions

A proof establishing the uniqueness of solutions to boundary value problems can often
be accomplished by assuming the existence of two solutions and then arriving at a contra-
diction. We illustrate the procedure by an example involving heat conduction.

Consider a finite closed region R having surface S. Suppose that the initial tempera-
ture inside R and the surface temperature are specified. Then the boundary value problem
for the temperature u(x,y,2,t) at any point (x,y,?) at time ¢ is given by

ou

Fril «V?*u  inside R 1)
w(z,y,2,0) = f(x,y,2)  at points (z,¥,2) of R 2)
w(x,9,2,t) = g(x,9,2,t) atpoints (z,y,2) of S 3)

We shall assume that all functions are at least differentiable at points of R and S.

Assume the existence of two different solutions, say u: and u., of the above boundary

value problem. Then letting U =u—u2 we find that U satisfies the boundary value
problem U

% = «V2U  inside R (4)
U(x,9,2,0) = 0 at points of R (%)
U(z,y,2,t) = 0  at points of S (6)
Let us now consider
W) = %fff [U(x,y,2,t))*dedy dz ()
where the integration is performed over‘:he region R. Using (5) we see that
W) = 0 (8)

Also from (7) we have

% = f:{f U%gdxdydz = Kf{fUVZwadydz (9)

where we have used (4).

We now make use of Green’s theorem to show that

f{f UVUdndyde = j;f vas - f{ﬂ:(%)z s () 4 () azay iz

(10)

167
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where 7 is a unit outward-drawn normal to S. Since U =0 on S the first integral on the
right of (10) is zero and we have ‘

f{f UvUdzdydz = - j{f[(%%’)z + <%>2 - <%g>2]dxdydz (12)

Thus we have from (9),
w U\ 2 U\ 2 oU\?
R

It follows from this that dW/dt =0, i.e. W is a nonincreasing function of ¢, and, in vieﬁv
of (8), that W(t) =0. But from (?) we see that W(t) = 0. Thus it follows that W(t) =0
identically.

Now if U(z, y,#,t) is not zero at a point of R it follows by its continuity that there will
be a neighborhood of the point in which it is not zero. Then the integral in (7) would have
to be greater than zero, i.e. W(t)>0. This contradiction with W(f) =0 shows that
U(z, ¥, 2,t) must be identically zero, which shows that #: = u. and the solution is unique.



Appendix B

Special Fourier Series
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B-19 f@)=e, —r <z <r
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Appendix C

Special Fourier Transforms

SPECIAL FOURIER TRANSFORM PAIRS

f(2) F(a)
c_l 1 |x| < b 2 sin ba
0 |x|>b @
1 ,.,e—ba
c-2 22 + b2 b
x o
C-3 m — lrb— e—ba
c4 o (z) "a"F (a)
c-5 anf (@) ndE
c-6 f(bw)eit % F <a ; t)
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SPECIAL FOURIER COSINE TRANSFORMS
f(z) Fca)
c-7 1 0<a<b gin ba
0 x>b a
1 re~—ba
c-8 «? + b2 2b
_ b
c9 ot o
oy T'(n) cos (n tan—1 a/b)
c-10 gn=1¢=bz o roa
c-n e—ba %\/%e—a’/n
C-12 z—1/2 , ’_T"_
2a
: _ ma®~1 gec (nr/2)
C-13 x—n st 0<n<1
. x2 4+ b2 e—ca — g—ba
Cc-14 In <_—_x2 T 62> —_—
. /2 a<b
C-15 -s—{%lﬁt— /4 a=0b
0 a>b
C-16 sin ba2 A ’ ﬁ% <cos Z: sin Z:)
C-17 cos b2 Slb <cosz—; + sin Zb)
C-18 T Ta
sech bx T sech %
c-19 cosh (V7 2/2) \/E cosh (V7 2/2)
cosh (V7 %) 2 cosh (V7o)
~bVz
C-20 ¢ \’é’%{cos (2bVe) — sin(26Va)}

Vv
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SPECIAL FOURIER SINE TRANSFORMS
f(=) Fs(a)
c-21 1 0<=<? 1-cosba
0 x>b a
Cc-22 z—1 T
2
x
C-23 m Ee—'ba
[47
c-24 et s
ey T'(n) sin (n tan—1 a/b)
c-25 anlembe (@ + b2z
C-26 xe~ ba® w% ae—a2/4b
- —-1/2 A fl
C-.27 x 2
_ 7a™~1 cse (nr/2)
Cc-28 x—n T rm 0<n<2
) sin bz 1 a+b
c 29 @x -2- In <a ot b>
C-3° sin bx 1ra/2 a < b
2 7b/2 a>b
0 a<b
can conbe s
/2 a>b
C-32 tan—1(x/b) o e—ba
2a
. T tanh 7%
C-33 esc by 25 tanh 25
- 1 T TQ —_ i
c-34 - 2 coth <?> L




Appendix D

Tables of Values for J,(x) and Ji(x)

Jo (x)

x 0 1 2 3 4 5 6 7 8 9

0. | 1.0000 9975 .9900 9776 9604 .9385 9120 .8812 .8463 .8075
1. 7652 7196 6711 .6201 .5669 .5118 4554 .3980 .3400 .2818
2. .2239 1666 .1104 .0555 0026 —.0484 —.0968 —.1424 —.1850 —.2243
3. | —2601 —2921 —.3202 —.3443 —.3643 —.3801 —3918 —.3992 —.4026 —.4018
4. | —3971 —.3887 —.3766 —.3610 —.3423 —.3205 —.2961 —.2693 —.2404 —.2097
5. | —176 —1443 —1103 —.0768 —.0412 —.0068 .0270 .0599 .0917 1220
6. 1506 1773 .2017 .2238 .2433 .2601 2740 .2851 .2931 .2981
1. .3001 .2991 .2951 .2882 2786 .2663 2516 2346 2164 1944
8. 1717 1475 1222 .0960 0692 0419 0146 —.0126 —.0392 —.0663
9. | —0903 —1142 —.1367 —.1577 -—.1768 —.1939 —2090 —.2218 —.2323 —.2408

J; (x)

® 0 1 2 3 4 5 6 7 8 9

0. .0000 .0499 .0995 .1483 .1960 .2423 .2867 .3290 .3688 .4059
1. 4401 4709 4983 .5220 5419 5579 .5699 5778 5815 5812
2. 5767 5683 55660 .5399 5202 4971 4708 4416 4097 .3764
3. .3391 .3009 .2613 2207 1792 1374 .0955 .0538 0128  —.0272
4, | —0660 —1033 —.1386 —1719 —2028 —.2311 —2666 —.2791 —.2085 —.3147
5. | —.3276 —.3371 —3432 —3460 —.3468 —.3414 —.3343 —3241 3110 —.2951
6. | —2767 —2669 —.2329 —.2081 —1816 —.1538 —.1260 —.0963 —.0652 —.0349
7. | —.0047 .0252 .0643 .0826 .1096 1352 1592 .1813 .2014 .2192
8, 2846 2476 .2580 .2657 .2708 2731 2728 .2697 2641  .2559
9. .2453 .2324 .2174 .2004 .1816 1613 1395 1166 .0928 .0684
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Appendix E

The following table lists the first few positive roots of J,(x) =0 and J,(x) = 0.

Zeros of Bessel Functions

cases listed successive large roots differ approximately by = = 8.14159... .

Note that for all

n=20 n=1 n=2 n=3 n:4 n=>5 n==6
2.4048 3.8317 5.1356 6.3802 7.5883 8.7715 9.9361
5.5201 7.0156 8.4172 9.7610 11.0647 12.3386 13.5893
Jo(@) =0 8.6537 10.1735 11.6198 13.0152 14.3725 15.7002 17.0038
11.7916 13.3237 14.7960 16.2236 17.6160 18.9801 20.3208
14.9309 16.4706 17.9598 19.4094 20.8269 22,2178 23.5861
18.0711 19.6159 21.1170 22.5827 24.0190 25.4308 26.8202
0.0000 1.8412 3.0542 4.2012 5.3176 6.4156 7.56013
3.8317 5.3314 6.7061 8.01562 9.2824 10.5199 11.7349
Ji@) =0 7.0156 8.5363 9.9695 11.3459 12.6819 13.9872 15.2682
10.1735 11.7060 13.1704 14.5859 15.9641 17.3128 18.6374
13.3237 14.8636 16.3475 17.7888 19.1960 20.5755 21.9317
16.4706 18.0155 19.5129 20.9725 22.4010 23.8036 25.1839
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Answers to Supplementary Problems

CHAPTER 1
127, «(0,t) = Ty, w(l,t) = T ul(z,0) = fl2), |u@t) < M

' . du _ _ du . .
128. (@) u,(0,t) = Fxlemo = 0, wuy(L,t) = Tmlemr = 0, u(x,0) = f(z), |ux,t) <M
_ du - _ _ ou - _
(b) ux(oy t) - 9% |z=0 - B(ul “0)’ ux(L: t) - 9% \z=1 - B(u2 uO)a
w(z,0) = f(x), Ju@,t) < M
where %, = u(0,t), uy = u(L,?)
2 2 2hx/L 0=x2=L/2
. XY= o B ) ’
at o WL —z)/L L2=2=<L
y(oy t) = 01 y(Lx t) = 0; yt(x’ 0) = 0’ Iy(xx t)l < M
1.32. (@) linear, dep. var. u, ind. var. z, ¥, order 2 (d) linear, dep. var. y, ind. var. «, ¢, order 2
(b) linear, dep. var. T, ind. var. z, ¥, 2, order 4 (e) nonlinear, dep. var. z, ind. var. , 8, order 1

(¢) nonlinear, dep. var. ¢, ind. var. z,¥, order 3

1.33. (a¢) hyperbolic (b) hyperbolic (c¢) elliptic = (d) parabolic
(e) elliptic if x2+ y2 < 1, hyperbolic if 22+ 2 > 1, parabolic if z2+y2 =1
(f) elliptic if M < 1, hyperbolic if M > 1, parabolicif M =1

135. (b) z(@z+y—2)?

2u e 2u
1.36. 3ﬁ_ 56m6y - 2@? = 0
az 9z 9%z 1 2z g% _

137. (a) 2@4’ 3@ = 2z (b) 2-6—:;:-2-— o W = 0
138. (a) zz = F(z) + G(¥) () %z = 28 + 22 + 6yt — 68
139. (@) » = Flz+y) + Gz—y) d z = F3z+y)+ Gy —=2)

() u = e%2F(y—2x) (e) z = F(x+y)+ 2G(x+7v)

() u = Flx+1y) + G(x— iy)

x2 24

140. (a) u = F(y —22) + 5 (¢) u = F(y) + zG(y) + =2H(y) + I(y — 2x) + 3

) y = Fe—t) + Gz +1t) — t¢ @ z = Fz+y) + G2z +y) — gsiny+§cosy

141. u = F(x+1iy) + Glx — iy) + zH(x + iy) + zJ(x — iy) + (22 + y2)2/4

143. (a) u = 4eBGu—22)/2 (e) u = 8e—2x—6t
() u = 3e 57— 3y 4 2¢-3x—2y (f) u = 10e—z—3t — ge—4z—6t
(¢) u = 2e—36t gin 3x — 4e—100t gjn 5z (9) u = 6e~7t/4 gin (r2/2) + 3"t ginzrx
(d) u = 8e—97t/16 cos?’z—x — @ge—817%t/16 cosg—zﬁ
5 . . 3 . . 1 . .
144, (@) y = 3, sin7x sin 27t b vy = 1, Sin 27% sin 47t — 5, Sin brx sin 107t
145. u = e—2t2e" "t gingx — e~ 167 gin drg)
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CHAPTER 2
16 & (1—cosnm) . nmx on 40 & 1 . nrx
2734. (a) -;_—ngl n— (e} 20 - n§1 ~sin 5
_ 8 <& (1-—cosnm) naix 3 < | 6(cos nz — 1) nrx _ 6 cosnw . nmy
by 2 — n§1 e sy (d) 2 + n§1 {———~——n2”2 cos 3 e S5
235, (a) * = 0,%2,%4,...;0 (¢) = = 0,%x10,=%20,...;20
(b) no discontinuities (dy = = =38, =9, =15, ;8
16 7L 1 37-90 1 57rx
2.36. - {cos 1 + §§>c + —5500 — + }
231, (@ 8 3 mERZE 4 g0) = fr) = 0
T n=1 a2 -1
2.38. Same answer as 2.37.
32 & 1 . nr . nmx 16 < [2cosnm/2 —cosnr — 1 nra
2.39. (a) ey n§1 -2 sin - sin—o= () = n§1< por> > cos =
242, u(x,t) = y(@) + I% ngl { fo [F(u) — w(w)] sin%du} g nTt/L? sin'ﬂ;{ﬁ
_ B(l—eBL)y B . _
where Yy = S — K(l e~ %)
® —m?r’t/8
250. (@) u(wt) = —20 § "7 cosmr , maz
T m=1 m 4
2.52. 150 — 5z
253,  ulp,¢) = 120 + 60p2 cos 2¢
_ 96 < 1 @n—Vzx  (2n—l)xct
2.55.  ylx,t) = 5 2 En—1)p sin B cos 2
257.  u(x,y) = é |:————— f f1() sm-—-—-dw smk sin hk
’ k=1L a sinh (k=) 1
< 2 <@ . 7z dwx . w
+ g Tsmh (@) L fal) sdexJ sin=~ smh;(a y)
- y .
+ mE:O |:a Sinh () f g1(y) sin dy:| sin 7Y inp 27
in 7Y nmy Tz
+ E asmh Py oy f 92(y) sin— dy] sin 2 L Simh=,
< 2 L kru krat 2 - kru kwat k7rx
259.  y(x,t) = 2 Tra J; g(u) smT sin T du + EJ; fu) smTco I du:l A
1 1 x+at
or =[flx+at) + fle—at)] + 5= f g(u) du
2 20 Jo—a



2.61.

263.

2.64.

2.65.

2.66.

2.69.

2.70.

2.71.

2.72.

2.76.

22,9,8) = X 3 [Ampn €08 Apaat + By, sin Amn@t] sin M7 sin 7Y
m=1 n=1 b c
where App = ‘f f f(x, v) sin 2% in 27Y y dx dy,
B,. = abc2\ f f g(x,y) sm—b— sin n;-y dx dy,
mn
m2 2
and M = T B »
— _2 S - (a? + nir/Lot [J‘L . mou . ¥
w(x,t) =  y(x) 7 n§1 e A w(u) sin I du |sin T
_ (uleaL — 1,{,2)6_‘“: _— (ule—aL — uz)eax
where Ylx) = e Ap—r
w(x,t) = ¢z + 2 2 e~ (& + nn? /LDt [f fw) — y(u)) sm-—du:] sin%
o (ugett —ug)e ™ — (uye L —uy)e®
where pl@) = ool — g—aL
2 ¢ L . nax nrx  nir2bt
Yz, t) = I n§1[ f(=) sin dx] smT cos 73
9 2 2.2
v, ) = f g [{f f(u) sin™Z% } sin@{ﬁ cosnzzbt
2 L 2,2 -
+ {——nf;ﬂb J; g(u) sinnz—u du} sinn£2bt sin 'nL_x:|
w L
u(x,t) = y(x) + 2 p f [f(u) — p(u)] sin 2% gy | o= (kn*mH/LOE g NTE
L .= 0 L L
B(l—e 7L B
where () _i__YgL_)@_ + ;}—1-2—(1 — e~ T)
. Yo [ . K.
Same as 2.69 but with y¢(x) = E<sm ax — 7 sin aL>
2 o
y(x,t) = yx) + 7 2 {f (F(w) — p(u)) sin 2% du} smiz—xcosn?t
wx,y,2) = 21 21 By, sin mae sin nay sinh Vm2 + n2 7z
. m=1 n=
4 1 1 ( .
where B = L f f f(x,y) sin mrz sin nry do dy
sinhym2+n27vo Yo
wre) = 23 infsf()sinmd in 7%
’ B »=1 \a 0 ¢ B ¢ sin B

ANSWERS TO SUPPLEMENTARY PROBLEMS

where y(x) =
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182 ANSWERS TO SUPPLEMENTARY PROBLEMS

CHAPTER 3
315. (a) ap=1, a;=—V3, ay= 2\/—?:, ag = \/3, ay = —Gx/g, as = 6\/5
(4 1, V3@x—1), Vb (6a2—6x+ 1)

317. () 1, 1—2, 1—2x+ La?

3.19. (b) \/gcosmcos—lx) :\/il—, 1"gcos(ncos—1x) nmn=12...)
7 T T

» b
3.20.  f(x) = gl ¢, ¢n(®) where ¢, = f w(zx) f(x) pn(x) da

32 @) = —29 + 2_ Cnn()

/2
where d f (1—22)"12f(x) cos (n cos~1x)dx = \[‘ f flcos u) cos nu du
T/2

3.24. (a) 2,-1,3 (b) V(18® —49)/18~

2 _
3.30. V2, \/%x, 4 ’ % (390 3 1> , i.e. the normalized Legendre polynomials

33l. 1—= L(2—4x+a?), }(6—18x+ 922~ x3)

3.33. (b) eigenvalues mr, eigenfunctions B, sin mrx, where m =1,2, ...

(¢©) V2sinmrz, m=1,2,...

334. (a) (2_m;_1)77_’ Bmcos(z—mrz——l—zz'ﬁ, ﬁcoswﬁ, m=12,...

(b) mm, B, sin mrz, \/Esin mre, m=1,2,...

340.  u(z,t) = {f flw) cos 2R D”“ u} cos(z_nz_TlMe—x(zn—l)’n“mtﬁ

(b) Heat conduction in an infinite strip of width L, with one side at 0°, the other side insulated,
and initial temperature distribution given by f(x).

0 L
341, (a) vylx,t) = }2; §1 [j; f(w) sin(—z%%i) U du] sin 2n ;Ll)”x co! (2n ;;)vat

(b) Vibrating string with end x = 0 fixed, end x = L free, initial shape f(x), initial speed zero

CHAPTER 4
426. (a) 30, (b) 16/105, (c) 3=3/2 437. (a) 1/105, (b) 4/15, (¢) 2+/V/3
427. (a) 24, (b) %, () % 438. (a) 1/60, (b) #/2, (¢) 3«
3Vr T'(4/5)
128 (@ }T(§), O LT, (@ i 439. (@) 127, () =
431.  (a) 24, (b) —3/128, () 3T} 441. (a) 37/256, (b) 57/8

432. (a) (16V7)/105, (b) —3T(2/3) 442. (a) 16/15, (b) 8/105
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CHAPTER 5
524, (@) SRee (p) 1 530. (@I () T
ae 4 4
1/4
5.25. (a) i(a cos a — sin a) (b) 3 537, ylu) = 4 e~
ad 16 T
1 —cosa sin & 2 L,
5.26. (a) ——— (b) —— 544. w(x,y) = —tan"1=
a o T Yy
Uy % x
= —_ _ -1Z
527. (a) 1+a2 5.45.  w(x,y) ) + - tan ”
5.28. y(x) = (2+ 2cosx — 4 cos 2x)/7x 5.46. u(x,y) = %[tan“(l —; x> + tan‘1<1%>:|
CHAPTER 6

2 _

6.37. ( [(3 x?) sin 00 3x cos x]
T

[Sx sin ¢ + (3 — x2) cos x]
X

6.38. <8 ;2“’2> Ji@) — Lio@)

640. (a) 23J3@) +c  (b) 2J,(1) — 3T, (1) () @2, (x) + xJy(a) — f Jo(x) da

64l (@) 6VzJ,(Va) — 3Va2J,(z) + ¢ (b) —"2320) - J‘;x) +3 f Jo (@) dx

642. axJy(x) sine — xJ,(x) cosz + ¢

6.57. (a) —d_’%cosx (b) ——smx (¢) —,,—%(sinx + c_o;_x) (d) ”_25<§1;10_x — cosx)
T T

6.59. (a) x3Y3(x) + ¢ (b) —Y,(x) — 2Y1(x)/x +c

@ —{=Yi(@) -

: Y,y (@) — Y;,(x) + L f Y, (x) da

1

152

6.68. (a) — el(x — w4 — nw/2) (b) 2 e—ilz — w/4— nw/2)
\J T

672. y = AJy(Vx)+ BY, (V%)

673. (o) y = ASnztBeoss ®) ¥ = VE[As(3ad) + BI_yu(4ad)]

6.714. y = AJy(e*) + BY y(e¥)

675. (b)) vy

AJy(2VT) + BY,(2V7)

676. (b) y = AVEJy5(3a2) + BVTJ_15(3a372)

6.78. y = AxzJ (x;, + BxY(x)
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6.95.

6.96.

6.97.

6.113.

6.117.

u(Py ?, t) = 2

n=

<%

Yo, ) = 3

n=1

(@)  ulp, ¢,2)

where

ANSWERS TO SUPPLEMENTARY PROBLEMS

ApJ3(Np) cos 3¢ cos N\t where A, are the positive roots of J3(A\) =0 and
1

2[(A% — 8)Jy(\y) — 6A, 1 (A,) + 8]
A {0

A, =

JO(Anﬁ )

1
00 cos (3A,1) f fx) Jy(\, Ve )dx where Jo(A\,)) =0, n=1,2,...
1\Mn 0

x = J, (Ap) sinh N (p — 2)
2 n\AEp w(p
: A i + B
a*r 5o k§0 Jﬁ+1(>\k“) sinh Ap (A, sinng n,k COS M)

I

a 2w
A, fo f) o (0r )T (\ep) sin np dp do

Il

a 27
Bue = S o0, 9174 00) cos g dods
0 -0

and J,(\ ) =0

2 & ']l (Arp) sinh Aelp —2)

b y Py o) . B
®)  ulp¢,2) @ 2y J2(0@) sinhngp k€O
1 2 ' ¢
where B, = }\—3[(3—>\k)J0(>\ka) - 3f Jo(\kp) dp]
% 0
and Ji(\a) =0
wWpy 2 t) = DS epme KOmTETI] (r o) sin krz
k=1 m=1 k
4 1 a1
where Cem T =5 f f pd o (T rp) flp, 2) sinkxz dp dz
Jolrm) Jo Jo
and J,(r,) =0
< 1
2(p, 1) = 2 EAmouo(kmop) €08 ApyoCl
m=0 .
+ 3 3 (Ap,cosng + By, sin ne)un(Amp) €08 Ayyct
m=1n=1

where un(xmnp) = Jn O\mnp) YnO\m'na) - Jn O\mna) Yn ()‘mnP):

1 2T b
Apn = —W—Lfo S o (0 Vtahmd) O dp
1 2T b X
Buw = - fo 080, s sin s dop g,
4 a
b
L = f plitnOmnd))? dp
a

and ¢ = Vr/u
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CHAPTER 7
132. P,(z) = %(3 — 8022 + 350)
Py(@) = %(1590 — 702 + 6325)
7.33. (a) O (b) 2/5 (c) O
2
4. ay() = 25— 3)In 1 tz) b2, 2
— 2 2 3
744, = A B z i ]
Y @+ l: 1 <1 + x)
7.45. ——Po(x) + Py () — Pz(x) + 2 Py()
746.  Py(x) + P1 (x) +2 Pz(x) P3(x) + -
748. (a) v = wy+ Bvyyrcose
Y 3,
) v = —O--I-—zocoso
r 7
29
749. (@) v = T[l—rsz(cos 6)]
2991 Pylcose)
o v =[]
CHAPTER 8
8.17. 1, 2x, 422 —2, 8x3 —12x
8.20. 4x2—2, 8x3—12x
822. LVr if n=0, 2V7 if n=2,
0 otherwise
8.26. (a) —3H(x) + ZH(x) — $Hy(») + 3Hy(x)
827. (a) y = ¢;+ ¢ fexz dx
er?
(b) ¥y = c1x + cox f de
8.28. Ly(x) = 24 — 962 + 7222 — 1623 + x¢

7.50.

7.51.

756.

157,

7.63.

7.72.

7.73.

8.30.

8.34.

8.36.

8.38.

8.41.

8.43.

o\

m/r where 7 > a is the distance
from the center of the sphere

(@) 3(1—a2)
b) — -2—(3 — 242 — 21

() —1052(1 — 22)3/2

1 1+ x
—V1i—a2| =
(@ 1= [2ln(1—x>+1—x2]
2t — 22+ 2
®) —g—%—

Inside, v = wvyrt sin3¢ cos ¢ cos 3¢

. Vo .,
Outside, v = Pt sin3 6 cos ¢ cos 3¢

ab(u; — up)
(b —a)r

buy — auy

b—a

u = [Ady 4 1200) + By /2(A7)]
* [AyP, (cos 6) + By@, (cos 9)]e"‘>‘2t

Ly(z) = 2 — 4z + 22

Lg(x) = 6 — 182 + 922 — 23

2L(x) — 8Ly(x) + 6Ly(x) — Ly(x)

e.‘L‘
(@) ¥y = 01+02f?dx

®) y = 01(1—x)+cz(1—x)f x(—le_x-—x)—zdx

Lyx) = 144 — 962 + 1242
LYx) = —1296 + 600z — 602
180

y = Asin~l'x+ B

185
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844 () Ty(w) = 8% — 822 +1 851 (0) y = ALy(®) + BL() f 2‘(15)]
() Ts(x) = 165 — 2028 + 2
845.  1[T3(x) + 2Ty (x) — 13T, («) + 10T ()] 855, @)y = Al =+ Y (x)f ﬁ:Tz T, (x)]2

849. (a) y = AH,(@) + BH,(x) f %T%;L



INDEX

Absolute convergence, 24, 89
Absolute temperature, 10
Acceleration due to gravity, 4, 17
vibrating string under, 17, 96
Analytic continuation of gamma function,
67,71, 72
Angular momentum, 121
Approximations to functions, 34
in the least-squares sense, 53, 54, 57, 58, 64, 65
Arbitrary functions, 2, 12
Associated Laguerre polynomials, 156, 162, 165
Associated Legendre functions, 132, 144-150
differential equation for, 132, 144-146
expansion of functions in series of, 147
Legendre funections as special case of, 132
orthogonality of, 132
Parseval’s identity and, 1562
potential problems involving, 148-150
series of, 132 }
solutions of Laplace’s equation using, 148
Associative law of algebra, 82, 86
Asymptotic formulas, for Bessel functions,
101, 125
for gamma function, 68, 76
Asymptotic series or expansions, 70, 76, 77, 79

Bar, heat flow in, 9, 10, 17
assuming Newton’s law of cooling, 17
infinite, 95, 96
semi-infinite, 89, 90

Beam, vibrating, 3, 4
Ber and Bei functions, 100, 111, 112, 125

i graphs of, 100

Bessel functions, 97-129
asymptotic formula for, 101, 125
differential equation for, 97
of the first kind, 97, 98, 104-109, 123
functions related to, 99, 100, 111, 112, 124, 125
gamma function and, 98
generating function for, 99, 108, 109, 123, 124
graphs of, 98, 100
Hankel functions in terms of, 99, 111, 125
integral representation for, 109
integrals involving, 106, 107 -
linear independence of, 98, 104, 105, 108
modified [see Modified Bessel functions]
of order half an odd integer, 98, 105
orthogonality of, 101, 112, 113
recurrence formulas for, 99, 105, 106, 109, 111
of the second kind, 97, 109-111, 119-122
series of, 102, 113, 114
solutions using, 102, 114-122, 126-128
table of values for, 176
zeros of, 101, 177

Bessel’s differential equation, 97, 102-104, 108
equations transformable into, 101, 112, 125
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Bessel’s differential equation (cont.)
general solution of, 97, 104, 105, 109, 110
Bessel’s inequality, 34, 58, 65
for Fourier series, 34
for orthonormal series, 58
for vectors, 64
Beta function, 69, 73-76
connection of with gamma function, 69, 73-756
definition of, 69
evaluation of integrals in terms of, 69, 73-76
Binomial theorem, 136
Boundary conditions, 2, 11, 15
for heat conduction, 10
for radiation, 10
for vibrating string, 6
Boundary value problems, 1-19
Bessel functions and, 102, 114-119
[see also Bessel functions]
definition of, 2
Fourier integrals and, 82, 89-91
[see also Fourier integrals]
Fourier series solutions for [see Fourier series]
involving heat conduction, 7-10
involving vibrating string, 6, 7
mathematical formulation of, 1, 6-10
methods of solving, 5
physical interpretation of, 1, 16, 17, 19, 48, 49
solution of, 1, 11, 19, 38
solved by separation of variables
[see Separation of variables]
Boundedness condition, 6

Cantilever beam, 96

Cauchy or Euler differential equation, 40,
101, 134

Celsius degrees, 10

Centigrade degrees, 10

Chain, vibrations of, 127

Characteristic functions, 55

Characteristic values, 55

Chebyshev polynomials, 156, 163, 165

Circular cylinder, heat flow in, 115-117, 126-128

Circular disc, potential of, 151

Circular membrane, 3, 45, 46, 117-119, 126-

Circular plate, temperature of, 39, 40, 48, 50,
114, 115

Classification of partial differential equations,
10, 11, 18

Commutative law of algebra, 82, 86

Complementary error function, 69

Completeness, 34, 54, 65

Complex notation for Fourier series, 24

Components of vectors, 52

Conducting medium, 7

Conduction of heat [see Heat conduction equation)]

Conductivity, thermal, 3, 7, 62, 63
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Continuity, piecewise [see Piecewise
continuous functions]

' points of, 28, 80, 81
Continuous functions, 21, 25

piecewjse [see Piecewise continuous functions]
Convergence, of Fourier series, 21-24, 27, 35-37

of orthonormal series, 53

of series of Bessel functions, 98

uniform [see Uniform convergence]
Convergence in mean, 54
Convolution theorem, 82, 95

proof of, 85, 86
Cosine and sine integrals, 69, 79

Fresnel [see Fresnel sine and cosine integrals]
Cosine and sine transforms, Fourier, 81
Cylinder, heat flow in, 115-117, 126-128
Cylindrical coordinates, 4

Density, 3, 7, 8, 63
Density function [see Weight function)
Dependent variables, 10, 11, 18
Derivative, partial, 2, 6
Differentiable function, 12
Differential equation, 1
Differentiation and integration, of Fourier
series, 24, 47

of series, 23, 24
Diffusivity, 3, 8, 9
Dirichlet conditions, 22-24, 27-29, 102, 120

and Bessel series, 102

and Fourier series, 22

and orthonormal series, 53

and Parseval’s identity, 23

[see also Parseval’s identity]
Dirichlet problem, 3, 43
Discontinuities, 21, 25, 26, 28, 46, 80, 81, 102
Distributive law of algebra, 82
Double Fourier series, 24, 25, 37, 45, 46
Drumhead, vibrations of [see Membrane]
Duplication formula for gamma function, 68,
75, 76
proof of, 75, 76

Eigenfunctions, 54, 55, 58-61, 65
orthogonality of for Sturm-Liouville systems,
55, 58-61
Eigenvalues, 54, 55, 58-61, 65
reality of for Sturm-Liouville systems, 59
Elasticity, modules of, 3
Electric potential, 3 [see also Potential]
Elliptic partial differential equations, 2, 11 18
Equilibrium position, 3, 45
Error function, 69, 77, 90, 95
Error, mean square, 34, 53, 57, 58, 64
Euler or Cauchy differential equation, 40, 101, 134
Euler’s constant, 68, 78, 98
Even and odd extensions, 32
Even and odd functions, 22, 29-33
Existence of solutions, 1, 2, 167
theorems on, 2
Experiments, 1
Exponential integral, 69

INDEX

Factorial function [see Gamma function]
Finality, principle of, 54
First harmonic, 45
Fourier, 1
Fourier coefficients, 21, 27, 33, 34, 36, 117
calculation of, 27-29, 31-33
for double Fourier series, 24, 25, 37, 45, 46
generalized, 53, 56, 58
motivation for definition of, 27
Fourier expansion [see Fourier series]
Fourier integrals, 80-96 [see also Fourier’s
integral theorem]|
applications of, 82
conditions for validity, 80
definition of, 80
need for, 80
for odd and even functions, 81
Parseval’s identity for, 82
solutions to problems using, 89-91, 95
Fourier series, 1, 20-51
applications of, 20-51
Bessel’s inequality for, 34
complex notation for, 24
convergence of, 21-24, 27, 35-37
definition of, 21, 22, 27
half range, 22, 23, 29-33, 37
integration and differentiation of, 24, 27, 34, 35
need for, 17, 20
orthonormal series as generalizations of, 53
Parseval’s identity for, 23, 33, 34
solutions using, 48
special, 169-172
used in summing series, 33-35
Fourier sine and cosine transforms, 81
Fourier transforms, 81, 83-85
convolution theorem for, 82, 85, 86, 95
inverse, 81
solutions to problems by, 92-94
special, 173-175
Fourier’s integral theorem, 80 [see also
Fourier integrals]
condition for validity of, 80
equivalent forms of, 80, 81, 83
proof of, 87-89
Frequency of normal modes, for drumhead, 119
for string, 44
Fresnel sine and cosine integrals, 69, 79
Frobenius, method of, 97, 104, 134, 135
Fundamental frequency or first harmonic, 45, 46
Fundamental mode, 45

Gamma function, 67-79
analytic continuation of, 67, 71, 72
asymptotic formula for, 68, 76
Bessel functions and, 98
connection of with beta function, 69, 73-75
definition of, 67
duplication formula for, 68, 75, 76
evaluation of integrals using, 69, 71-73
‘graph of, 68
miscellaneous results involving, 68
recurrence formula for, 67, 70
Stirling’s asymptotic series for, 68, 76



Gamma function (cont.)
table of values of, 68
General solution of a partial differential
equation, 2, 5, 12, 13, 14, 18, 19
Generalized Fourier coefficients, 53, 56, 58
Generating functions, for Bessel functions, 99,
108, 109, 123, 124
for Chebyshev polynomials, 156
for Hermite polynomials, 154, 157
for Laguerre polynomials, 155
for Legendre polynomials, 131, 136, 137, 139
Gradient, 7
Gram-Schmidt orthonormalization process, 55,
61, 62, 65
Gravitational potential, 3, 18, 143, 144
[see also Potential]
Laplace’s equation and, 3
Gravity, finite string under, 17
infinite string under, 96
Green’s theorem, 167

Half plane, solution of Laplace’s equation in, 91
Half range Fourier sine or cosine series, 22,
23, 29-33, 37
Hankel functions, 99, 111, 125
Harmonic oscillator, 165
Harmonics, 45
Heat conduction equation, 3, 9, 10, 62
applications of, 1, 16, 25, 37-42, 89-94
derivation of, 7, 8
Laplace’s equation as, 3
one-dimensional, 10
for a thin bar, 9, 10, 62, 63
uniqueness of solution to, 167, 168
vector method for deriving, 9
Heat flux, 7
Hemisphere, heat flow in, 142
Hermite polynomials, 154, 155, 157-160, 164
differential equation for, 154, 158, 165
generating function for, 154, 157
orthogonality of, 154, 155
Parseval’s identity for, 159, 160
recurrence formulas for, 154, 157
Rodrigue’s formula for, 154, 157
series of, 155, 158, 159
Hollow sphere, potential of, 141, 142, 151 )
Homogeneous partial differential equations, 2
10, 18
Hyperbolic partial differential equations, 2, 11, 18

Independence [see Linear independence]
Independent variables, 10, 11, 18
Indicial equation, 97, 104, 135
Inertia, moment of, 4
Infinite-dimensional vector, 52
Infinite series, 23, 24

convergence of, 23
- uniform convergence of, 23, 24

[see also Uniform convergence]

Initial temperature, 10, 41
Insulated surface, 9, 16, 38, 39, 41, 62, 89

boundary condition for, 10
Integral equation, 85-87, 94, 95
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Integration and differentiation, of Fourier
series, 24, 27, 34, 35
of series, 23, 24
Inverse Fourier transforms, 81

Jacobian, 86

Kelvin temperature, 10

Ker and Kei functions, 100, 125
graphs of, 100

Kronecker’s symbols, 52

Laguerre polynomials, 65, 155, 156, 164
associated, 156, 162, 165
differential equation for, 155
generating function for, 155
important properties of, 1565, 156
orthogonality of, 156, 160, 161
recurrence formulas for, 155, 161
Rodrigue’s formula for, 155
series expansions involving, 156, 161
Laplace’s equation, 3, 9, 18, 42, 43, 97
associated Legendre functions and, 132
Bessel functions and, 97, 102, 103
in cylindrical coordinates, 4
Fourier integral solutions of, 91
Fourier series solutions of, 25, 42, 43
gravitational or electric potential and, 3, 18,
143, 144 [sec also Potential]
Legendre functions and, 130, 133, 135, 136
in spherical coordinates, 4, 5
Laplacian, 3
in cylindrical coordinates, 4
in rectangular coordinates, 3
in spherical coordinates, 4, 5
Least-squares sense, approximations in, 53,
54, 57, 58, 64, 65
Left and right hand limits, 21
Legendre functions, 130-153 [see also Legendre
polynomials]
associated [see Associated Legendre functions]
differential equation for, 130, 133-136
of first kind, 130
linear independence of, 136
of second kind, 130, 131, 135, 138
series of, 131, 132, 139-141, 151
Legendre polynomials, 62, 130-132, 135, 136-144,
150, 151
derivation of, 136
generating function for, 131, 136, 137, 139
orthogonality of, 131, 138, 139
recurrence formulas for, 131, 137
Rodrigue’s formula for, 130, 136
series of, 131, 132
Legendre’s associated differential equation,
132, 144-146
general solution of, 132
Legendre’s differential equation, 130, 133-136
general solution of, 130
L’Hospital’s rule, 110
Limit in mean, 54
Limits, right and left hand, 21



190

Linear independence, of Bessel functions, 98,
104, 105, 108
of Legendre functions, 136
Linear partial differential equations, 2, 5, 10,
11,13, 14, 18
Longitudinal vibrations of a beam, 3, 4

Mass, 3, 8, 72
Mathematical formulation of physical problems,
1, 6-10

Mathematical models, 1

Mean of a function, 21

Mean, limit in, 54

Mean square error, 34, 53, 54, 57, 58, 64

Membrane, circular, 117-119, 126
equation for vibrations of, 3
square, 45, 46

Models, mathematical, 1

Modes of vibration, 44-46, 119

Modified Bessel functions, 99, 100, 124
differential equation for, 99
graphs of, 100

Modulus of elasticity, 3

Moment of inertia, 4

Momentum, angular, 121

Music, 44, 46

Mutually orthogonal or orthonormal functions,

55, 56, 64

Natural or normal modes of vibration, 44-46, 119
Necessary conditions, 22
Neumann functions, 97
Newton’s law, 1, 6, 72
of cooling, 10, 17, 62, 63, 127
Noise, 119
Nonhomogeneous partial differential equations,
2,10, 18
Nontrivial and trivial solutions, 55, 58
Normal, 7
outward-drawn, 9, 168
unit, 9, 168
Normal or natural modes of vibration, 44-46,
119
Normalization, 55
Normalized function, 52, 55
Normalized vector, 52

0dd and even extensions, 32
Odd and even functions, 22, 29-33
Order, of Bessel functions, 97-99
of a partial differential equation, 2, 10, 11,
12, 18
Ordinary differential equations, 5, 14
used to solve partial differential equations, 13
Orthogonal functions, 52, [see also Orthogonality]
definitions involving, 52, 53
eigenfunctions as, 55 [see also Eigenfunctions]
Orthogonal sets, 56
vectors, 52
Orthogonality, 52, 53
of Bessel functions, 101, 112, 113
of eigenfunctions, 58

Orthogonality (cont.)
of Hermite polynomials, 154, 155
of Laguerre polynomials, 156, 160, 161
of Legendre polynomials, 131, 138, 139
with respect to weight function, 53
Orthonormal series, 33, 53, 56, 64
Bessel’s inequality for, 58
expansion of functions in, 53
Parseval’s identity for, 54
Orthonormal sets, 52, 53, 57
Overtones, 45

Parabolic partial differential equations, 2, 11, 18
Parseval’s identity, 23, 33, 84, 47, 48, 57, 58, 64,
65, 126, 152
for Fourier integrals, 82
for Fourier series, 23, 33, 34
for Hermite polynomials, 1569, 160
for orthonormal series, 54
for vectors, 64
Partial derivatives, 2, 6
Partial differential equations, 1, 2
clagsification of, 10, 11, 18
definitions pertaining to, 2
elliptic, hyperbolic and parabolic, 2, 11, 18
existence and uniqueness theorems for, 1, 2,
167, 168
homogeneous and nonhomogeneous, 2, 10, 18
linear, 2, 5, 10, 11, 13, 14, 18
order of, 2, 10, 11, 12, 15
solved as ordinary differential equations,
5,13
some important, 3, 4
Partial sum, 23, 34
Particular solutions of partial differential
equations, 2, 5, 12, 13, 18
obtained by separation of variables, 5
as special cases of general solutions, 5, 12
Pendulum, vibrations of, 121, 122
Period, 20, 25, 26, 29-38, 35, 36
least, 20
of vibration, 45
Periodic functions, 20
Physical interpretation of boundary value
problems, 1, 16, 17, 19, 48, 49
Physical laws, 1
Piano string, 44
Piecewise continuous functions, 21, 34, 35, 36, 88
Polar coordinates, 39, 73
Potential, of circular disc, 151
of hollow sphere, 141, 142, 151
of ring, 148, 144
of sphere, 148-150
Potential equation, 3, 96 [see also Laplace’s
equation]

Quantum mechanics, 165

Radiation, heat conduction with, 62

heat flux of, 10

Stefan’s law of, 10
Rectangular coordinates, Laplacian in, 3
Rectangular plate, 49



Recurrence formulas, for Bessel functions, 99,
105, 106, 109, 111 -
for Chebyshev polynomials, 156
for gamma function, 67, 70
for Hermite polynomials, 154, 1567
for Laguerre polynomials, 155, 161
for Legendre functions, 131, 137
Riemann’s theorem, 35, 88
Right and left hand limits, 21
Ring, potential of, 143, 144
Rodrigue’s formula, for Hermite polynomials,
154, 157
for Laguerre polynomials, 155
for Legendre polynomials, 130, 136
Root mean square error, 53, 54, 57, 58, 64
least or minimum, 54, 57, 58

Scalar product, 52
Schroedinger equation, 165
Separation constant, 55
leading to Sturm-Liouville systems, 55, 62-64
Series, of Bessel functions, 119-122, 125
of Hermite polynomials, 155, 158, 159
of Laguerre polynomials, 156, 161
of Legendre functions, 131, 132, 139-141, 151
Sine and cosine integrals, 69, 79
Fresnel, 69, 79
Sine and cosine transforms, Fourier, 81
Singular solution, 2
Slab, heat flow in, 10
Solutions of partial differential equations, 2, 5,
13, 14, 18
existence and uniqueness of, 1, 2, 167, 168
methods of finding, 13, 14, 18, 19
Special funetions, 67-79
Specific heat, 3, 7, 8, 63
Sphere, potential of, 48-150
Spherical coordinates, 4, b
Square plate, temperature in, 41, 43, 48, 49
transverse vibrations of, 49
Steady-state heat flow, 9
Steady-state temperature, 3, 38, 42, 48, 50, 51
Stefan’s radiation law, 10
Stirling’s approximation for n!, 68
proof of, 76
Stirling’s asymptotic series for gamma function,
‘ 68,76
Strain, 3
Stress, 3
String, vibrating, 3, 6, 17, 45, 48, 93, 94, 96
[see also Vibrating string equation]
under gravity, 17, 96
Sturm-Liouville systems, 54, 55, 58-61, 65, 66, 128
Sufficient conditions, 22
Sums of series, Fourier methods for finding,
33-35

Superposition principle, 5

Temperature, 3, 7, 9, 10, 16, 37-43
Tension of a string, 3, 6, 45
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Thermal conductivity, 3, 7, 62, 63
Torque, 121
Transformation equations, between rectangular
and cylindrical coordinates, 4
between rectangular and spherical
coordinates, 5
Transverse vibrations, 3
of a beam, 4
of a membrane, 45
of a plate, 49
of a string, 3
Trigonometric expansions, 17
Trivial and non-trivial solutions, 55, 58

Undetermined coefficients, method of, 14
Uniform convergence, 23, 24, 27, 33, 47, 89
of orthonormal series, 56
theorems on, 23, 24
Weierstrass M test for, 23, 24
Uniqueness of solutions, 1, 2
proof of, 167, 168
theorems on, 2
Unit normal, 9, 168
Unit vectors, 52

Variables, 2, 10, 11, 18
Vector method for deriving heat conductxon
equation, 9
Vectors, 52
Bessel’s inequality for, 64
components of, 52
expansion of, 53
functions as, 52
infinite-dimensional, 52
normalized, 52
Parseval’s identity for, 64
unit, 52
Vibrating beam, 3, 4
Vibrating chain, 127
Vibrating membrane, 43, 46
Vibrating string equation, 38, 6, 7, 43-46
derivation of, 6
generalized to higher dimensions, 3
with gravity term, 17
solution of by Fourier integrals, 93, 94
solution of by Fourier series, 43-45
with variable density and tension, 7, 128
Vibrating systems, 25 [see also Vlbratmg beam
Vibrating string equation)
Vibration, modes of, 44-46, 119
Violin string, 3, 44

Wave equation, 152
Weierstrass M tést, 23, 24, 89
Weight function, 53, 55, 64, 101
for Bessel functions, 101"
for Hermite polynomials, 154, 155, 157, 158

for Laguerre polynomials, 156, 160 161
‘Wronskian, 108

Zeros of Bessel functions, 101, 177
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